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D.W.  Allen 


SUMMARY 


In  order  to  prevent  the  development  of  destructive  or  exoessive 
lift  forces  during  the  flight  of  a guided  missile  it  is  generally 
necessary  to  limit  the  total  lift  on  the  missile  by  some  form  of  auto- 
matic control  action.  It  may  also  be  necessary  or  advantageous  similarly 
to  limit  the  control  surface  lifts  of  the  missile. 

Methods  of  obtaining  overriding  limiting  actions  which,  within 
bounds,  function  independently  of  missile  altitude,  velocity  and  static 
margin  are  proposed  and  critioally  examined.  These  methods  depend  on 
feedback  to  the  control  surfaces,  via  suitable  threshold  circuits , of 
the  outputs  of  lateral  and  angular  accelerometers  suitably  situated  witUn 
the  missile. 

It  is  oonoluded  that  such  an  approach  to  the  limiting  problem 
givea  a technique  whereby  the  control  surface  lift  force  and  the  total 
lift  force  on  the  missile  may  be  separately  or  jointly  constrained 
within  the  given  design  limits  for  these  foroes. 
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Tile  damping  ratio  of  the  "weathercock-like"  mode  of 
motion  of  the  b<  am  rider 

Thf*  value  Up  assumes  when  the  control  surface  servo 
log  Tx  is  considered 

The  missile  sideslip  velocity 

The  lift  on  the  wings  and  body  of  the  missile  due  to 
sideslip 

The  steady  state  lift  on  the  wings  and  body  of  the 
missile  due  to  sideslip 


*vS  (sec“5) 

*vr  (see  ) 

xr£  (ft  sec-3) 

\ (slugs  seo-1) 

Yr  (slugs  ft  rad”1  sec" 
Yjj  (slugs  ft  rad-1  sec" 
yv  (seo-1) 

yr  (ft  rad”1  sec”1) 
yg  (ft  rad-1  sec-2) 


Contraction  for  nyyg-ngyv 
" " "v^-W 


WVr 

I 

I 

-1 ) S'  The  aerodynamic  force  derivatives 

“2)i 

Y 

Contraction  for  v/m 

" " Yr/m 

" " \/m 
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LIST  OF  SYMBOLS  (Contd.) 

5/ 

y A funotion  of  time  approximating  to  /? j for  a step 

function  of  5^ 


4 or  aT 

(rad) 

The  incidenoe  of  the  airstream  on  the  missile  body  in 
the  regions' of  the  nose,  wings  and  tail 

“R 

(rad) 

The  incidence  of  the  airstream  on  the  missile  body  in 
the  region  of  the  oontrol  surfaces 

*1 ,2.3,4 

(sec 

Roots  of  the  characteristic  equation  for  the  missile 
weathercock  motion  when  it  is  modified  by  rate-of-yaw 
and  acceleration  feedback  and  the  damping  ratio  %,  is 
greater  than  unity 

a 

X 

(sec  1 ) 

A root  of  th*'  characteristic  equation  for  the  missile 
weathercock  motion  when  the  lag  Tx  of  the  control 
surface  servo  is  considered 

0r 

(r  "d) 

The  control  surface  incidence 

(rad) 

The-  peak  control  surface  incidence 

^ro 

(rad) 

The  value  cf  9 at  time  t = 0*  in  response  to  a step 
in  control  surf- ce  demand  4, 

®r1 

(rad) 

An  initial  cr  bound- urn,’  value  of  9r 

Y (r- 

\d  sec  ^ ) 

The  undamped  angrlar  frequency  of  response  of  the 
rr.issil'  to  control  surface  incidence  inputs 

6 

The  d.-usring  ratio  of  the  response  of  the  missile  to 
control  surface  incidence  inputs 

c 

(rad) 

The  airstream  downwash  angle 

de/da 

The  dowr.vmsh  factor 

5 

(rad) 

The  control  surface  deflection  with  respect  to  the 
missile  longitudinal  axis 

«1 

(rad) 

The  compon- nt  of  control  surface  deflection  demanded 
by  angular  acceleration  feedback 

?2  or 

(rad) 

Arbitrary  input  demands  for  control  surface  deflections 

(rad) 

The  total  oontrol  surface  deflection  demand 

(rad) 

The  component  of  control  surface  defleotion  demanded 
by  feedback  from  an  angular  accelerometer  with  time 
lag  Tx  secs 

(rad) 

The  oomponent  of  control  surface  deflection  demanded 
by  the  missile  guidance  system 

(rad) 

An  initial  or  boundary  value  of  5^ 

(rad) 

The  hypothetical  value  of  Sg  which  gives  a constant 
oontrol  surface  incidence 
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LIST  OF  SYMBOLS  (Contd.) 


*L 

(rad) 

The  limiting;  values  of  4q  in  the  simple  diode  limiting 
system 

(rad) 

The  component  of  oontrol  surface  deflection  demanded 
by  feedback  controls 

0 

(rad) 

The  maximum  control  surface  traverse  angle 

X 

A constant  used  in  determining  the  effect  of  time  lags 
in  the  angular  accelerometer  and  control  surface  servo 

U 

The  ratio  of  actual  missile  velocity  to  the  value 
aso'imed  in  the  standard  design  condition  ( i.e.  U'/u) 

P 

A constant  used  in  conjunction  with  X 

<r 

The  ratio  of  actual  air  pressure  to  the  value  assumed 
in  the-  standard  design  condition 

X 

(a-.  cs) 

Contraction  for  t + t^ 

<t> 

(rad) 

The  st  ady  statt  Value  of  4 corresponding  to  lOg 
lateral  accel ..ration  of  the  missile 

An  ix 

(rad) 

The  raaxirun  value  of  <f> 

i 

(rad) 

Th<  heading  'ingle  of  the  mirsile  relative  to  a fixed 
datum 

— 

<0 

— O 

(rad  see  ) 

•• 

The  valu  of  i,’-  at  the  time-  t = 0+  in  response  to  a 
step  in  the  oontrol  surface  demand 

W 

(rad  stC  ‘ ) 

The  undamped  -and  unmodified  angular  frequency  of  the 
missile  weathercock  motion 

wc 

(rad  sec  ) 

The  undamped  .angular  frequency  of  the  controlled  or 
airing  node  of  the  team  rider 

“b 

(rad  sec  1 ) 

The  undamped  angular  frequency  of  the  weathercock 

mode  v/hen  this  is  modified  by  feedback  from  a displaced 

accelerometer 

(rad  sec  ) 

The  undamped  angular  frequency  of  the  weatheroock 
mode  when  this  is  modified  by  feedback  from  an  angular 

accelerometer 

*1ci 

(rad  sec”1) 

The  undamped  angular  frequency  of  the  weatheroock 
mode  when  this  is  modified  by  rate-of-yaw,  lateral 
acceleration  and  angular  acceleration  feedbacks 

%> 

(rad  sec”1 ) 

The  undamped  angular  frequency  of  the  weathercock 
mode  when  this  is  modified  by  rate-of-yaw  and  lateral 
acceleration  feedbacks 

(rad  sec”1) 

The  undamped  angular  frequency  of  the  "weathercock-like" 
mode  of  motion  of  the  beam  rider 

(rad  sec*1) 

The  value  wq  assumes  when  the  control  surface  servo 
lag  Tx  is  considered 
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1 Introduction 

1 . 1 The  lift  problem 

It  is  essential  that  the  method  of  oontrol  adopted  for  a guided 
weapon  should  not  make  exoessive  demands  on  the  structural  strength  of 
the  missile.  In  general  terms  we  assume  that  the  structural  strength 
of  the  missile  may  be  defined  in  terms  of  the  maximum  tolerable  values 
of  wing  lift,  control  surface  lift  and  total  lift.  The  control  system 
should  therefore  be  such  that  at  no  time  does  it  oall  for  excessive  values 
of  these  quantities.  One  approach  to  this  problem  is  to  design  the 
oontrol  system  to  funotion  effectively  on  the  assumption  that  the  system 
is  unhindered  by  structural  strength  considerations  and  then  to  impose 
overriding  constraints  or  limits  such  that  the  safe  lift  values  cannot  be 
exceeded  These  limits  must  be  independent  of  missile  altitude,  missile 
velocity  etc.  and  they  should  be  such  that  the  fullest  use  can  be  made 
of  the  lifts  or  accelerations  available,  that  is,  there  should  be  a 
sharp  cut-off  action  whenever  the  lift  or  acceleration  concerned  reaches 
the  specified  safe  maximum. 

The  primary  object  of  this  report  is  to  develop  and  discuss  certain 
methods  v/hereby  the  desired  limiting  may  be  obtained  for  a particular 
tyre  of  missile.  A secondary  objective  has  been  to  investigate  certain 
of  the  penalties  of  such  limiting  action  on  the  performance  of  the 
missile. 

1.2  The  type  of  missile  considered 

The  majority  cf  guided  missiles  at  present  being  developed  for 
ground  or  ship-to-air  and  air-to-air  operation  have  fixed  cruciform  wings 
and  rear  cruciform  control  surfaces  in  line  with  the  wings.  The  usual 
design  is  such  that  the  body-wing  combination  in  the  absence  of  the  rear 
oontrol  surfaces  is  neutrally  stable.  Seme  of  the  essential  3teps  in 
the  design  of  such  a missile  fire  as  follows.  ( 1 ) . Ihe  lift  due  to  unit 
sideslip  velocity  (Yv)  is  first  fixed  from  considerations  of  the  maximisn 
lateral  acceleration  required  and  the  permissible  maximum  wing  incidence. 
The  yawing  moment  due  to  sideslip  (l'v) , which  determines  the  frequency  of 
the  weathercock  motion  of  the  missile  is  chosen  by  the  selection  of  the 
manoeuvre  margin;  this  choice  usually  being  made  at  the  expected  average 
altitude  of  the  missile.  The  yawing  moment  due  to  unit  oontrol  surface 
defleotion  (N^)  determines  the  surface  defleotion  necessary  to  produce  a 
given  angular  acceleration  and  steady  state  lateral  acceleration.  It  is 
desirable  that  the  demands  on  the  oontrol  surface  actuators  should  be  kept 
small.  By  designing  for  a body-wing  combination  which  is  neutrally 
stable  the  control  surface  incidence  in  a steady  turn  is  very  small  and 
the  average  value  is  therefore  small.  As  a consequence  of  the  neutrally 
stable  body  wing  design  we  have 


- U Ny  = N5  (1  - dC/da ) 


de , 

where  U is  the  forward  velocity  of  the  missile  and  /da  is  the  downwash 
factor  (frequently  assumed  to  be  £). 

In  the  steady  state  the  lateral  acceleration  of  such  a missile  is  a 
funotion  of  the  oontrol  surface  defleotion  - being  proportional  to  the 
deflection  if  nonlinear  downwash  effects  on  the  oontrol  surfaces  are 
ignored.  If  the  demand  for  control  surface  deflection  is  limited  and  the 
weathercock  mode  of  motion  is  critically  damped  by  suitable  oontrol  action 
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(e.g.  feedback  of  rate  of  yaw)  then  the  maximum  .achieved  acceleration  is 
proportional  to  the  maximum  control  surfixce  dofleotion(2).  This  however 
does  not  provide  a good  method  of  limiting  the  acceleration  to  a predeter- 
mined value  since  the  proportionality  factor  between  control  surface 
defleotion  and  acceleration  is  a funotion  of  altitude,  velooity,  centre 
of  gravity  and  oentre  of  pressure  positions  etc.  so  that  ohanges  in  these 
quantities  may  either  oause  the  final  acceleration  to  be  in  excess  of  the 
design  limit  or  less  than  the  design  limit  - the  first  leading  to  self 
destruction  and  the  second  to  inefficient  use  of  the  missile.  The  problem 
to  be  tackled  here  is  as  follows.  Can  the  oontrol  surface  motion  be  modi- 
fied by  oontrol  action  so  as  to  limit  the  acceleration  and  henoe  the  lift 
to  a level  which  is  independent  of  the  aerodynamio  parameters? 

Also,  while  the  average  and  steady  state  oontrol  surface  lifts  with 
the  above  missile  design  are  small,  the  peak  oontrol  surface  lifts 
(especially  at  low  altitudes)  are  liable  to  be  so  large  that  they  present 
structural  design  difficulties.  Two  of  the  issues  discussed  in  this 
report  are  (l ) Can  these  peak  oontrol  surface  lifts  be  reduced  by  suit- 
able oontrol  action  without  deterioration  of  the  overall  performance  of 
the  system?  and  (2)  If  so  does  this  indicate  that  a smaller  oontrol 
surface  can  be  used? 

1 • 3 The  general  scheme  of  attack 

In  order  to  develop  methods  of  limiting  which  arc  independent  of 
the  aerodynamic  parameters  etc.  it  seems  essential  that  the  methods  hinge 
upon  some  direct  measurement  of  the  quantity  to  be  limited.  While  strain 
guage  methods  eto.  may  be  used  it  is  felt  that  at  present  the  difficulties 
of  applying  such  t-xshniques  in  guided  -weapons  is  very  great  and  for  the 
present  attention  should  be  concentrated  on  the  use  of  such  instruments 
as  lateral  accelerometers,  angular  accelerometers  and  gyros  which  are 
either  already  developed  or  should  be  available  in  the  near  future.  It 
is  assumed  here  that  measures  of  lateral  acceleration  and  angular  accelera- 
tion can  be  obtained  within  the  missile.  The  actual  measuring  instruments 
are  not  discussed  although  the  general  effects  of  instrument  time  lags 
are  studied. 

Lateral  accelerometers  situated  at  the  C of  G of  the  missile  provide 
measures  of  the  components  of  the  total  lift  force  acting  on  the  missile 
while  lateral  accelerometers  situated  at  a certain  point  ahead  of  the 
C of  G provide  measures  of  the  components  of  the  body  and  wing  lift  forces 
only.  Also  for  a missile  with  a neutrally  stable  body-wing  combination 
angular  accelerometers  provide  measures  of  the  control  surface  moments. 

We  may  assume  constant  moment  arms  and  oontrol  surface  areas  so  that  the 
angular  acceleration  components  are  proportional  to  the  oontrol  surface 
moments,  lifts  and  incidences. 

Given  that  the  lift  forces  to  be  limited  can  be  measured  in  this 
way  the  obvious  attack  on  the  problem  is  to  feed  signals  proportional  to 
these  quantities  bade  to  the  oontrol  surfaces  in  such  a way  as  to  prevent 
the  occurrence  of  excessive  lift  forces.  Since  we  wish  the  missile  to  be 
unhindered  unless  it  is  at  or  near  a condition  of  dangerous  lift  we 
arrange  that  the  feedbacks  are  only  effective  if  and  when  the  measures 
of  the  lifts  reach  predetermined  levels.  It  should  be  noted  at  this  point 
that  there  is  no  attempt  to  produce  a system  in  which  the  lift  forees  are 
proportional  to  the  input  demand  sipial  but  an  attempt  is  made  to  override 
the  method  of  control  (whatever  it  may  be,  linear  or  otherwise)  whenever 
dangerous  lift  foroes  are  approached.  It  is  believed  that  the  quality  of 
measurement  of  the  accelerations  or  lifts  would  have  to  be  an  order  better 
in  any  "lift  foroe  demand  system"  than  it  has  to  be  for  pure  "overriding 
oontrol"  as  used  here.  For  example,  the  measuring  instruments  need  only 
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be  accurate  at  the  critical  feedback  level  and  questions  of  good  linearity 
of  response  do  not  arise,  Also  the  quantities  to  be  measured  for  over- 
riding control  are  large,  e.  g.  ,10g. 

There  are  a number  of  possible  alternative  techniques  by  which  the 
feedback  loops  may  operate  and  the  bulk  of  this  report  is  concerned  with 
detailed  analysis  of  such  feedback  loops.  For  example  the  feedback  signals, 
after  passing  through  threshold  systems  which  will  only  permit  the  feed- 
backs to  take  place  if  the  signals  fire  in  excess  of  specified  values, 
may  either  be  added  into  the  normal  oontrol  ohannels  or  may  be  used  to 
monitor  diodes  which  -ire  clipping  signals  in  the  normal  control  channels. 
Studies  of  such  nonlinear  feedback  systems  are  greatly  assisted  by  the 
use  of  simulators  or  analogue  computor3  and  at  all  stages  of  the  work 
such  use  has  been  made  freely  to  extend,  verify  and  illustrate  the  theoreti- 
cal approaches.  The  simulator  used  for  this  work  has  been  described  in 
detail  elsewhere  (Refs.  (2)  and  (3))  ;md  no  account  of  it  is  given  in 
this  report.  The  real  value  cf  a simulator  lies  in  the  fact  that  it  con 
be  used  for  analysis  of  nonlinear  systems  in  cases  where  theoretical 
solutions  to  the  problems  ar~  not  practical.  It  is  good  practice  to 
obtain  simulator  solutions  for  a number  of  cases  where  the  theoretical 
solutions  ore  readily  obtained  since  in  this  way  the  operation  of  the 
simulator  may  be  checked  and  confidence  increased  in  those  simulator 
results  for  which  no  direct  theoretical  check  is  possible.  Throughout 
the  report  a number  of  such  cross  checks  between  theory  and  simulator  are 
given. 


When  nonlinear  feedback  systems,  such  as  those  proposed,  are 
applied  to  a missile  a host  of  problems  arise.  Do  the  feedbacks  achieve 
their  desired  objective?  What  are  the  stability  conditions?  How  do  the 
feedbacks  affect  the  aerodynamic  response  i.e.the  weathercock  motion  of 
the  missile?  How  sensitive  is  the  syoteh  to  parameter  variations?  Can 
total  lift  and  control  surface  lift  limits  be  successfully  applied  at 
one  and  the  same  time?  What  are  the  relative  advantages  and  disadvantages 
of  different  feedback  techniques  etc.  -tc.?  An  attempt  is  made  to  present 
the  methods  and  th<*  answers  to  the  major  problems,  such  as  those  above,  in 
logical  sequence. 

1 .4  Illustrations.  Examples,  etc. 

In  all  the  numerical  and  simulator  work,  the  values  of  the  aero- 
dynamic derivatives  etc.  appropriate  to  a particular  typical  missile  have 
been  assumed. 

Since  the  simulator  used  was  specifically  designed  for  beam  riding 
investigations  it  was  possible  to  check  at  many  stages  just  how  the  limit- 
ing systems  (designed  on  the  basic  of  arbitrary  input  oontrol  signals) 
were  affecting  the  performance  of  a typical  beam  riding  system.  All  sec- 
tions in  which  beam  riding  is  being  specifically  discussed  are  marked  * 
so  that  the  reader  not  interested  in  this  particular  application  may  omit 
such  sections. 

If  the  methods  of  limiting  discussed  here  are  adopted  for  any 
existing  missile  oontrol  syotem  then  it  may  well  be  that  they  will  have 
repercussions  on  the  design  of  that  oontrol  system.  The  impact  of  the 
limiting  methods  on  the  design  of  beam  riding  system  tested  is  not  dis- 
cussed and  the  work  is  restricted  to  discussions  on  how  the  limiting 
methods  affect  the  performance  of  the  beam  rider  with  its  existing  oontrol 
system. 
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2 The  Basic  Equations  find  Properties  of  the  Mlsaile 

Before  proceeding  to  a study  of  the  proposed  limiting  systems  the 
relevant  equations  for  and  the  charaoteristios  of  the  type  of  missile  to 
which  the  limiting  is  to  be  applied  are  first  discussed. 

Since  the  missile  is  symmetrical  and  may  be  assumed  to  be  roll 
stabilised  its  motion  may  be  analysed  in  terms  of  its  motion  in  one  plane 
only;  consider  this  plane  to  be  the  yaw  plane. 

2. 1 The  equations  of  motion 

The  basic  equations  of  motion  of  the  missile,  as  normally  assumed 
Refs.  (1),  (2),  (J)  are 

miip  = Yv.v  + Yr.r  + 

Or  = Ny. v + !Jr  r + 

together  with  the  relationship 
K = v ♦ Or 

In  these  equations  the  variables  are 

£,  the  control  surface  angle  <n.r.  t.  the  missile  longitudinal 
axis 

r,  the  rotational  velocity  (=  t,  where  \|r  is  the  heading  angle) 
v,  the  sideslip  velocity 

hp,  the  displacement  of  the  C of  G of  the  missile  from  a datum  line 

while  m,  C and  U are  the  mass,  moment  of  inertia  and  forward  velocity 
respectively. 

Yy , Yr,  Yr  and  Ny,  "r,  are  the  aerodynamic  force  and  moment 
derivatives,  assumed  oonstant. 

Throughout  the  report  ^v/m,  ^r/m,  and  ^v/C,  Nr/C,  *Vc  are 

contracted  to  yv,  yr,  yg  and  ny,  and  n^. 

Terms  of  the  form  (nyyg-yyn^)  are  of  frequent  occurrence  and  these 
terms  have  been  oontracted  as  follows 

*v5  “ rvrs"yvns 

Xyr  = r - yw 

xSr  = n^r'Vs 

2.2  The  test  missile 

For  the  purposes  of  numerical  and  simulator  work  a test  missile 
is  assumed.  This  missile  may  be  broadly  classed  as  of  the  R.T.V.2  type 
and  considered  to  have  the  aerodynamic  parameters  of  Table  I when 
operating  at  its  maximum  altitude. 


Y^. 5 (Force  Equation) 


Z (Moment  Equation) 


(D 
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TABLE  I 
Tost  Missile 


yv 

= 

-1 

sec”1 

yr 

= 

2.4 

ft  sec  1 

= 

H'X) 

ft  sec”^ 

= 

Vl5 

ft  ^ S*.‘C  ^ 

nr 

= 

-1 

-1 

3*0 

n y 

= 

-200 

-2 

See 

'■D 

U 

« 

1 500 

ft  sec  ^ 

C/m 

= 

25 

ft2 

i giving 

x-  = 32 1)  ft  sec 

! Sr 

i x^  = “14.6.6  sec 

Xyy  = -0.6t  C'C 


-3 


-2 


2. 3 The  response  of  the  missile  to  its  control  surfaces 

If  equations  (l)  are  solved  for  the  transfer  functions  r/5,  V/£ 
and  F2hp/£  we  obtain 

r pnS  + 

z = Q 


y Pys  - Un£  ♦ xg, 

l s Q 


= fr(F)  say 

= fv(p)  * l 


(2) 


where 


and 


Q = p2  + p(-yv-nr)  + Uny  ♦ x^ 


rrl 

V 


or  is  0 is  the  characteristic  equation 

p3.! 


(3) 

(4) 


of  the  weatheroook  motion  of  the  missile. 
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r 

l 


* w 
Jil L. 


Unv  + xrv 


v "Un5  + xSr 
Z = Un  ♦'  x 

V -TV 


kr  say 


= k 


(5) 


UX  y 

& = V 

Un  + x n 

v rv 


form 


The  expression  for  Q given  in  equation  (3)  may  be  written  in  the 


2 2 
Q = p ♦ 2u»p  + <u 


(6) 


where  /2~  is  the  undamped  weathercock  frequency  and  u is  the  damping 
ratio. 


2.1*.  The  control  surface  incidence 


The  control  surface  incidence  is  denoted  by  3r  where  Pj.  is  deter- 
mined by  the  following  consideration^1 ). 

The  wind  incidence  will  vary  along  the  length  of  the  missile 
because  of  the  rotation  of  the  longitudinal  axis.  If  the  incidence  at  the 
C of  G,  which  is  situated  at  a distance  Iq  rear  of  the  nose,  is  taken  as 
- V/U  then  the  incidence  at  any  point  at  a distance  l rear  of  the  nose 
is 


_ ! . u - o £ 

U V U 


(7) 


V. 


This  variation  of  incidence  with  rate  of  yaw  is  small  and  may  be 
neglected.  The  local  incidence  is  however  changed  by  the  presence  of 
the  body  and  lifting  surfaces  upstream.  The  downwash  effect  from  the 
nose  is  negligible,  that  from  the  wings  onto  the  control  surfaces  is 
appreciable  and  that  from  the  wings  and  control  surfaces  onto  the  tail 
cone  can  be  neglected  in  view  of  the  unimportance  of  lift  on  this  cone. 
It  is  assumed  that  the  ohangc  in  incidence  at  the  control  surface  is 
proportional  to  the  incidence  on  the  wing  surface.  This  assumption 
ignores  the  time  lapse  between  the  deflection  of  the  airstreaa  by  the 
wings  and  the  downwash  reaching  the  control  surfaces  Thus  if  the 
incidence  in  the  regions  of  nose,  wings  and  tail  is  denoted  by  a and  the 
incidence  on  the  oontrol  surface  is  denoted  by  «jj  we  have 

* = - V/U  (8) 


4 


®R  “ 8 


(9) 
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d£ 

where  is  the  dowravash  factor,  assumed  to  be  equal  to  0.5. 

If  the  oontrol  surface  is  deflected  through  an  angle  £ with  respect 
tc  the  body  then  the  incidence  on  the  oontrol  surface  is 

3r  = S + 


or  2r  - & +o 


('  - if)  «°> 

2, 5 The  equations  of  motion  in  terms  of  oontrol  surface  incidence 
( a)  Force  Equation. 

If  we  substitute  from  (10)  in  the  foroe  equation  (l)  we  get 
Y. 


mh  = \ 'l  * v + Y r + Yr  0 

vU'v  day  J r Sr 


(11) 


This  equation  enables  the  various  components  of  the  total  lift  to 
be  identified 

mh  is  the  total  lift,  identified  by  T 

r Yr  / js\  ~| 

i Y „ + -r?  1 1 - • A j v is  the  lift  or.  the  wings  and  body  due  to 
^ V J sideslip,  identified  by  W 

Yr>r  is  the  lift  or.  th’  missile  due  to  its  rotational  motion, 
identified  by 

Y^  is  the  lift  en  the  control  surface,  identified  by  R 
Thus 

T = 7 + 2 + \ (12) 

Now  ft.  is  normally  a small  fraction  of  7 and  my  be  neglected  so 

that 

- T ’=  7 + R (13) 

(b)  Moment  Equation. 

If  we  substitute  from  (10)  in  the  moment  equation  (l)  we  get 


Cf  » [Nv  + U*  (’  " if)  ] v ♦ Vr  + N£  er 

This  equation  shows  the  moments  corresponding  to  the  lifts 
defined  above. 


(14) 


The  basic  missile  design  is  such  that  the  body-wing  combination  is 
neutrally  stable  (in  the  sense  that  there  is  no  moment  on  the  body-wing 
combination  due  to  sideslip).  Thus  the  basic  design  is  such  that 


V*  ~if)a  0 


(15) 
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2. 6 The  relationship  between  control  surface  Incidence  and  angular 
aooeleration 


The  control  surface  incidence  3r  is  given  by 

but 

V ^ * xgr 

f = Q 


so  that 


of.  eqn.  ( 1 0) 


of.  eqn.  (5) 


p2+f  (-yv-nr)  1 


fp(p)  s^.v 


(16) 


New 


2 , P n,,  + x v P 

V ■ % ^ ■ F<->>  ■ .W 


of.  eqn. (2) 


Thus 


a p2  + F (-y  -n)+Un  +x  - /l  - 4-Vp  -of  + - n„^ 

Pr  h ' •'v  r v rv  \ daJ\  U U Z>) 


p2* 


07) 


P *v5  P 


This  relationship  between  control  surface  incidence  and  angular 
acceleration  will  hold  irrespective  of  any  local  feedbacks  (of  angular 
rate,  lateral  acceleration  etc.)  used  to  modify  the  missile  weathercock 
characteristics.  It  forms  the  basis  of  the  oontrol  surface  lift  limit- 
ing system  to  be  discussed. 


If  the  body-wing  combination  is  neutrally  stable  then  from 
equation  (15)  we  have 


so  that 


“If)  "° 

-If)  -0  <«> 


p2  + p (-yv-nr)-p 

P2  nK  ♦ P 


(19) 
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2.7  Departures  from  the  neutral  stability  condition 

The  oondltion  for  neutral  stability  of  the  body-wing  oombination 
defined  in  equation  (15)  is  a oritioal  relationship  and  departures  from 
it  give  rise  to  difficulties  in  the  limiting  methods  to  be  discussed. 

Such  departures  will  arise  as  the  result  of  changes  in  the  lift  coeffi- 
cients or  as  a result  of  changes  in  the  moment  arms.  The  oentre  of 
pressure  of  the  body-wing  cnnbination  is  believed  to  be  fixed  in  position. 
The  oentre  of  pressure  of  the  control  surfaoes  may  vary,  and  while  this 
will  change  the  static  margin  of  the  oomplete  missile  it  will  not 
disturb  the  neutral  stability  of  the  body-wing  combination.  If  the 
centre  of  gravity  of  the  missile  moves  (due  to  fuel  consumption)  then 
the  moment  arms  for  both  the  wing  lift  and  control  surface  lift  will 
change.  Since  the  percentage  change  in  wing  arm  will  be  much  greater 
than  that  for  the  oontrol  surface  arm  the  centre  of  gravity  shift  may  be 
interpreted  as  a change  in  Nv  with  no  corresponding  change  in  N^.  In 
order  to  study  the  effects  of  departures  from  the  neutral  stability 
condition  it  is  therefore  assumed  that  the  foroe  coefficients  are 
constant  but  that  Nv  is  changing  and  this  is  physically  attributed  to 
a shift  in  the  oentre  of  gravity  due  to  fuel  consumption. 

Taking  Ny  as  given  by  Ny  = - Yv  (static  margin)  we  see  that  if 
the  centre  of  gravity  of  the  missile  moves  forward  through  a distance 
H ft  then  the  new  value  of  Nv  say  Nv'  is  given  by 


Nv'  = 


*v  - Yv  H 


(20) 


The  limiting  systems  discussed  are  tested  for  sensitivity  to 
departures  from  the  neutral  stability  condition  by  determining  what 
departure  of  H from  zero  can  be  tolerated. 

It  is  convenient  to  note  at  this  point  the  direct  effects  of  a » 
varying  centre  of  gravity  position  on  the  general  missile  characteristics. 
Such  variations  will  result  in  variations  in  the  weathercock  frequency 
and  damping,  the  aerodynamic  stiffness  and  the  steady  state  control 
surface  incidence. 


(a)  The  Effect  of  oentre  of  gravity  shifts  on  the  Weathercock  Mode 


Interpreting  the  C of  G shift  as  a change  from  Nv  to  we  have 
from  equation  (3)  the  following  approximate  relationships  for  the 
corresponding  frequencies  (f0  and  f0')  and  damping  ratios  (uq  and  Uq'). 


(21) 
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Table  II  shews  the  order  of  these  changes  for  the  test  missile, 

TABLE  II 


H inches  ! +9 

! 

+6 

+3 

0 

-5 

—6 

-9 

O 

(\J 

o 

<i-e 

<u° 

1.14. 

1.07 

1 

0.92 

0.84 

0.74 

uo/uo  ; 0.83 

0.88 

0. 93 

1 

1.08 

1.20 

1.35 

(b)  The  Effect  of  centre  of  gravity  shifts  on  the  Aerodynamic 
Stiffness 

From  equation  (5)  the  steady  state  lateral  acceleration  per  unit 
control  surface  angle  (the  aerodynamic  stiffness)  is  given  by 


Z Unr  ♦ x *h 
rv 


P2hp 

Table  III  shows  the  variations  in  — y—  as  a function  of  H for 
the  test  missile. 


TABLE  III 


H inches 

+i2  ; +9 

j +6 

! +3 

i 

0 

-3 

-6 

-9 

-12  j 

"p2hP_i. 
Z deg 

1 i 

! 0.59  ' 0.70 

i 1 

1 

! 0.82 

( 

1 

! 

; 1.00 

1.21 

1.50 

1.92 

2.55 

1 

3.68  | 

(c)  The  Effect  of  C of  G Shifts  on  the  Steady  State  Control  Surface 
Lifts 

From  equation  (l6)  the  oontrol  surface  incidence  3r  as  a function 
of  control  surface  deflection  S is  given  by 


^ p2  * p(-yv  -nr)*Py*»rv“(1-  IiXp  x.  HS^O 

5 P2 ♦ P (-yv  - nr)  ♦ Unv  +xry 


and  in  the  steady  state  this  becomes 

+ xrv  "(1  “ &)(“?  " nt) 


®r 

T 


% 


+ X. 


(22a) 


rv 
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Uny  ♦ 


nr  yv 


* 0 “ If)  n2 


+ nr  yv 


(22b) 


0 


Table  IV  shows  how  the  steady  state  value  of  r/5  varies  with  H 
for  the  test  missile. 


TABLE  IV 


H inches 

+9 

“TS 

+3 

0 

-3 

“TS 

-9 

^r/S 

0. 315 

0.237 

0.138 

0.010 

-0.163 

-0.4.08 

-0.785 

Thus  for  a constant  oontrol  surface  deflection  the  missile  executes 
a steady  turn  in  which  the  steady  state  oontrol  surface  incidence  is 
determined  by  the  C of  G position. 


2. 8 The  effects  of  altitude  and  velocity  variations 


In  assessing  the  effects  of  air  pressure  variation  with  altitude 
and  the  effects  of  varying  velocity  on  the  performance  of  the  missile  we 
let  p and  o-  denote  the  ratio  of  actual  velocity  and  air  pressure  to  the 
values  at  the  standard  design  condition.  If  dashed  symbols  are  used  to 
denote  the  values  of  parameters  at  other  than  the  standard  design  condi- 
tion then  as  an  approximate  guide  to  the  gross  variation  of  the  parameters 
with  p and  cr  we  may  use 


and 


U*  = n D 


V 

= * 

= u t,n4 

y • 

r=  <T  y 

n ’ 

= cr  si 

•'v 

■'v 

V 

V 

y ' 

Jr 

£ 

b 

If 

V 

= cr  n 

r 

(23) 


These  approximations,  while  not  being  of  wide  general  application, 
are  realistic  for  the  type  of  missile  considered  here,  (i.e,  missiles 
with  static  margins  large  compared  with  any  shifts  in  the  centre  of 
pressure). 


The  effects  of  altitude  and  velocity  variations  on  the  steady  state 
lift  forces  are  of  interest. 


If  the  steady  state  values  of  T,  W,  R and  ft  are  denoted  by  Tg,  Wg, 
and  ftg  respectively  then  equations  (ll)  and  (l 2)  show  that 


a 

Ts 

Ts 


\ (20 


it 

u 
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Inspection  of  the  order  of  magnitudes  of  the  above  terms  for  the 
test  missile  shows  that 

w 

(1)  Neglecting  the  term  °/m  xSr/Hxv  in  the  expression  for  e/T3 

introduces  at  most  a 1,5  error.  Thus  8/Ts  is  constant  (to  within  \fi) 
irrespective  of  altitude  and  missile  velocity. 

(2)  If  the  body-wing  combination  is  neutrally  stable  then  R®/T3 
is  at  most  2,5  of  ^s/Ta,  If  the  body-wing  combination  is  not  neutrally 
stable  then  "s/T3  when  it  can  no  longer  be  neglected  in  comparison  with 
^s/Ta  is  such  that  it  is  independent  of  missile  altitude  and  velocity. 

(3)  ^s/Ts  is  at  most  2/a  of  ^s/Ts. 

Thus  we  assume  that  Ws/T3  and  ^a/Tg  are  independent  of  missile 
altitude  and  velocity  and  that 


T 


s 


•ij 

a 


+ R 

s 


(25) 


^s/T3  and  ^s/Tg  are  however  dependent  on  the  degree  of  stability 
of  the  body-wing  combination,  e.g.  they  arc  dependent  on  H,  the  shift  in 
the  C of  G position  of  the  missile. 


2. 9 Modification  of  the  weathercock  characteristics  of  the  missile 

There  are  a number  of  reasons  for  modifying  the  natural  weathercock 
motion  of  the  missile.  For  example,  the  natural  damping  ratio  of  the 
missile  is  low  (usually  of  the  order  of  0.1  to  0.2)  and  for  the  purpose  of 
imposing  some  restraint  on  the  maximum  lateral  acceleration  of  the  missile 
it  is  desirable  that  the  damping  ratio  be  near  to  unity.  (This  point  is 
discussed  in  detail  later.)  The  damping  is  normally  controlled  by  negative 
feedback  of  angular  Velocity  from  a rate  gyro.  Also  it  may  be  desirable 
to  have  some  control  over  the  weath*  rcock  frequency  - in  general  to 
increase  it  by  negative  feedback  of  lateral  acceleration  from  an  accelero- 
meter, although  in  certain  circumstances  it  may  be  advantageous  to  decrease 
it  by  positive  feedback  of  lateral  acceleration.  Negative  feedback  from 
either  gyro  or  accelerometer  or  both  tends  to  reduce  the  effects  of  non- 
linearities  in  the  response  of  the  missile. 

If  the  component  of  control  surface  deflection  demanded  by  the  local 
control  feedbacks  is  denoted  by  then 


*»  * br  ♦ f Kp  (26) 

where  b and  f determine  the  feedback  gains  of  til e angular  velocity  and 
lateral  acceleration  respectively. 

If  denotes  the  component  of  control  surface  deflection  demanded 
by  the  missile  guidance  system  and  £3  denotes  the  total  oontrol  surface 
deflection  demand  then 

5D  = ^ ♦ V (27) 

If  the  lag  of  the  control  surface  actuator  is  neglected  we  may  put 

5 » (28) 
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In  section  2.3  the  transfer  functions  r/£*  VA  and  p2hp/4  were 
obtained.  Using  equations  (2$  and  (27)  the  transfer  functions  rA(j»  vAq* 
p^hpA/,  may  now  be  determined.  These  are  identical  with  those  given  by 
equations  (2)  except  that  the  expression 

Q = p2  + P (-yv  “ «r)  + Uriy  ♦ of.  eqn.  (3) 

or  p2  + 2uwp+u£ 


becomes 

Sn  * P2  (1  ” y4f)  +p  ('yv  ‘ nr  -fcniS  + fx5r)  + % +xrv  *bx4v  +Uftt4v 

or  (1 -y^f)  Cp2  2 um  “m  P + 3 (29) 

so  that  in  response  to  the  guidance  system  the  weathercock  characteristics 
of  the  missile  w and  u have  been  changed  to  and  by  the  angular  velocity 
and  lateral  acceleration  feedbacks. 

For  the  test  missile  w =10  rad/scc  (i.e.  undamped  frequency  =1.59 
c.p.s. ) and  u a 0. 1.  Vhen  we  wish  to  consider  a typical  modified  missile 
we  assume  the  modifications  are  those  suitable  for  a beam  riding  system. 

For  example  in  Refs.  (2)  and  (3)  the  response  of  the  test  missile  (used 
as  a beam  rider)  has  been  modified  so  as  to  increase  the  damping  ratio  to 
unity  while  holding  the  undamped  frequency  constant,  i.e.  = 1 , wm  = <*>  =10. 
The  feedback  constants  required  for  this  are 

b = 0.09  rad  per  rad/seo 
f = -6,3  * 10~5  rad  per  ft/sec2 

In  this  case  the  required  acceleration  feedback  is  very  small  but  it  has 
been  retained  in  all  the  work  for  the  sake  of  completeness. 

In  the  presence  of  such  feedbacks  the  Bteady  state  values  of  Hip,  r, 
v etc.  per  unit  of  4q  depend  on  the-  feedback  gains.  If  negative  feed- 
back is  employed^then  the  greater  the  feedback  gain  the  smaller  the  steady 
state  values  of  h , r,  v eto.  per  unit  of  Kq.  It  should  be  noted  however 
that  the  order  of  feedback  gains  required  to  modify  the  test  missile  to 
the  desired  characteristics  are  small  and  the  change  in  steady  state  values 
per  unit  of  differ  by  only  a few  percent  from  those  per  unit  of  & . 

This  may  be  established  by  noting  that  the  transfer  function 


T 


b (xv4  * ~f  tp2y£  ^vS^ 

P2  + P (-yv  - nr)  ♦ Unv  + x^ 


(31) 


becomes 


r - ' - < v »„ 


(32) 


in  the  steady  state  and  this  is  approximately  unity  for  the  test  missile 
and  the  specified  feedback  gains.  This  fact  leads  to  a useful  simplifica- 
tion. For  the  purposes  of  approximate  oaloulations  the  steady  state  values 
of  K , r,  v eto.  for  the  test  missile  may  be  taken  as  those  given  by  the 
vnmoaified  and  not  the  modified  missile. 
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It  is  convenient  at  this  point  to  note  the  general  form  that  the 
v/eathercook  characteristic  expression  Q assumes  for  certain  other  feed- 
back combinations  considered  later. 

If  the  control  equation  is 


^ ^ ♦ br  ♦ fKp  ♦ K*  (33) 

•• 

where  K i/  represents  feedback  from  an  angular  accelerometer  then  Q 
beoomes 

Qc  = P2  0-fy£-Kn4)  ♦ p (-yv-Vbnrfx5r+RlCSv^Unv+xrv+bx&r+Ufx5v  ^ 


2.10*  The  test  beam  rider 


At  various  stages  in  the  analysis  of  the  limiting  methods  the 
application  of  these  methods  to  a typioal  beam  riding  system  is  discussed. 
(In  paragraphs  marked  *).  This  beam  riding  system  is  of  a type  which 
has  received  much  study  in  Guided  Weapons  Department. (l)»(2),(3).  The 
weathercock  motion  of  the  missile  is  modified  by  the  process  outlined 
above  so  that  the  weathercock  notion  is  critically  damped  and  its  frequency 
is  intermediate  between  the  other  major  frequencies  of  the  missile  motion, 
namely,  the  frequency  of  the  roll  stabilisation  system  and  the  frequency 
of  the  weave  motion  resulting  from  the  bear  riding  control.  The  choice 
of  modified  v/eathcrcock  frequency  is  also  influenced  by  the  fact  that 
other  things  being  equal  the  higher  this  frequency  the  greater  the  ease 
of  stabilising  the  beam  riding  control  loop. 

Ideally  th‘  guidance  component  of  control  surface  motion  consists 
of  the  beam  riding  error  distance  plus  the  rate  of  change  of  this  error 
distance,  i.e.  in  operational  form 

% ■ 0 <’  4 » *„>%  - V (35) 

where 

h is  the  missile  position  relative  to  a fixed  datun 
P 

hg  " M radar  beam  " " " the  same  datum 

T is  a time  constant 
o 

and  G is  a constant  determining  the  stiffness  of  control. 

The  rate  of  change  of  error  is  however  normally  derived  in  an 
approximate  manner  by  an  electrical  network  so  that 

^ ° [l  ♦ pN  Tq)  (*p  “ V ^ 

where  N is  a constant  of  the  order  of  V20. 

The  oomplete  equation  for  the  control  surface  deflection  demand  is 
therefore 

V 0 Trrfi^  <*>,  - V ♦ 
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If  we  consider  the  test  missile  as  the  beam  rider  then  typioal 
values  of  the  parameters  in  this  equation  are:- 

b b 0. 09  rad  per  rad/sec 
f = -6.3  x 10“5  rad  per  ft/sec 2 J 

giving  as  in  Section  2. 9 a modified  undamped  weathercock  frequency  of 
1.59  o.p  s.  with  A damping  ratio  of  unity. 

G * 0.71*6  10“ ^ rad  ft"1 

T0  = 0.91  sec  (38) 

N = V20 

The  effects  of  the  various  limiting  systems  on  this  test  beam 
rider  are  studied  mainly  in  terms  of  the  characteristics  of  the  various 
inodes  of  motion  and  on  the  beam  riding  response  to  step  displacements  of 
the  radar  beam. 

If  the  radar  beam,  which  the  missile  is  attempting  to  ride,  is 
auto-following  a target  then  for  various  reasons  there  is  a pronounced 
noise  or  "jitter"  motion  superimposed  on  the  steady  motion  of  the  radar 
beam.  This  in  turn  means  that  the  guidance  information  passed  to  the 
missile  control  system  has  a pronounced  noise  component.  If  the  control 
system  were  linear  then  this- noise  would  simply  result  in  a dispersion  in 
the  miss  distance  against  the  t.arget.  Any  nonlinearities  in  the  control 
system,  such  as  the  limiting  systems  to  be  discussed,  may  result  in 
rectification  cf  the  noise  and  consequently  introduce  a bias  as  well  as 
a dispersion  into  the  nisfi  distance  against  the  target.  It  is  important 
therefore  that  the  limiting  systems  be  tested  in  the  presence  of  radar 
beam  jitter  to  ensure  that  they  are  not  unduly  affecting  the  overall 
performance  of  the  missile  regarded  as  a weapon, 

"Jitter"  is  discussed  in  Ref. 1,  and  in  Ref.  2 a method  of  simulating 
it  and  measuring  the  miss  distances  obtained  with  the  test  missile  is 
given.  For  a representative  radar  set  the  radar  beam  jitter  at  }0,000  yds 
range  is  of  the  order  of  60  ft  R.Ji.S.  Jitter  of  this  order  of  magnitude 
and  with  a frequency  spectrum  appropriate  to  the  typical  radar  set  (the 
Naval  901  Radar  Set)  has  been  used  in  tests  on  the  limiting  systems. 

3 Limitation  of  Total  Lift 

3.1  Failings  of  the  -present  method 

One  method  at  present  in  use  for  the  limitation  of  the  total  lift 
on  the  missile  is  simply  that  of  limiting  the  guidance  component  (<$)  of 
the  control  surface  demand  signal. 

If  the  lateral  acceleration  and  rate  of  yaw  feedbacks  are  arranged 
to  give  critical  damping  at  a desired  frequency  then  there  is  no  overshoot 
of  acceleration  beyond  the  steady  state  value.  Thus  if  the  aerodynamic 
derivatives  are  oonstant  and  the  weatheroock  mode  is  critically  danped 
then  limitation  of  the  oontrol  surface  demand  signal  (£<j)  effectively 
limits  Ihe  acceleration;  the  limiting  acceleration  (and  hence  the  total 
limiting  lift  force)  being  proportional  to  the  limiting  value  of  the 
oontrol  surface  demand  signal  (5q). 

This  condition  oannot  be  attained  in  flight  because  the  aerodynamic 
derivatives  are  not  oonstant.  Consequently  for  a fixed  oontrol  surface 
demand  limit  the  limiting  acceleration  oan  vary  over  a wide  range  - 
leading  either  to  destruction  or  inefficient  use  of  the  missile. 


- 27  - 


SECRET 


* 


4 


Report  No.  G.W.15 


Consider  for  example  changes  in  the  static  margin  of  the  missile 
due  to  fuel  oonsimption.  Table  III  on  page  22  shews  that  for  the  test 
missile  a static  margin  change  of  +9"  will  cause  a 58$  reduction  in  the 
maximum  acceleration  and  a static  margin  change  of  -9"  a 21  C$  increase 
in  maximum  :icoeleration. 

3.2  Proposals  for  the  limitation  of  the  total  lift 

In  order  to  develop  a method  of  limiting  the  total  lift  to  a value 
which  is  independent  of  aerodynamio  parameters  it  seems  essential  that 
the  method  be  based  on  some  measurement  of  the  lift  occurring,  followed 
by  appropriate  feedback  of  the  lift  signal  to  control  the  maximum  lift. 

The  lift  forces  are  readily  measured  by  an  aocelerometer  and  the  immediately 
following  seotions  consist  of  a study  of  various  techniques  of  acceleration 
feedback  aimed  at  obtaining  an  effective  total  lift  limiting  system. 

Simple  acceleration  feedback  is  first  discussed  and  then  the  advan- 
tages of  using  an  accelerometer  displaced  from  the  centre  of  gravity  of  the 
missile  are  brought  out.  The  attenuating  action  of  dirr-ct  feedback  on  the 
lift  is  then  converted  into  a limiting  notion  by  passing  the  feedback 
signals  through  a threshold  system.  An  improved  system  has  been  developed 
in  which  the  acceleration  is  fedbaek  through  a threshold  system  and  then 
used  to  monitor  the  level  at  which  diode  limiters  limit  the  control  surface 
demand  signal.  These  systems  have  been  tested  over  a range  of  values  of 
H,  the  change  in  static  margin. 


i 
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3.3  Feedback  from  a lateral  acc>  it- remoter 

3. 31  The  effect  of  direct  acceleration  feedback  on  the  response 
of  the  missile 

The  general  effects  of  direct  acceleration  feedback  may  be  derived 
from  a study  of  thf  behaviour  of  the  modified  missile  when  the  accelera- 
tion feedback  gain  is  varied. 

From  equation  (29)  wo  have  for  the  modified  missile  the  characteris- 
tic expression  for  the  weathercock  motion 

Qn  = P2  (1  -ysf)  + F (-yv  -n.-tn5  + fx?r.)  +Unv  ♦bx^+U  fxgy 

Clearly  the  effect  of  the  acceleration  is  critically  dependent  on 
the  value  of  y^  if  fy^  > 1 . 

It  is  of  interest  to  consider  two  cases 

(a)  the  test  missile  with  the  normal  values  of  y^  and  and 

(b)  the  test  missile  with  y^  = 0 but  n^  unaltered.  This  is  a hypothetical 
case  but  provides  an  interesting  comparison  with  oases  (considered  later) 

of  feedback  from  accelerometers  situated  away  from  the  C of  G of  the 
missile. 

We  assume  a fixed  value  for  the  angular  velocity  feedback  constant 
b,  say  the  value  0.09  sec  as  used  earlier  to  give  critical  damping  with 
a lateral  acceleration  feedback  constant  f » -6.3,  10“5  rad  ft-1  sec2. 

Q„,  may  be  written  as  (l  - y^f ) [p2  + 2 % P ♦ “fa2  ] indicating  an 
undamped  modified  weatheroook  frequency  of  and  a damping  ratio  %. 

If  um>1,  Qn  may  be  written  ns  (f-  y^fnp+aj  indicating  an  exponential 


- 28 


SKCMT 


siciurr 


Report  No.  G.W.15 


weatheroook  response  with  time  constant  Va1  • and  Va2  • (ai  » «2  if 
u_  » l).  Regarding  the  pair  and  **  functions  of  the  acceleration 
feedback  constant  f we  may  indioate  any  change  of  branch  in  these  functions 
by  further  subscripts  e.g.  and  a^. 

Table  V gives  the  values  of  ufo,  1%  or  the  pairs  (a.j,a2)  or  (aj,c^) 
as  functions  of  f for  case  (a)  above. 

TABLE  V 

Case  (a),  y^  and  n^  normal 


Table  VI  gives  the  corresponding  data  for  Case  (b). 

TABLE  VI 


Case  (b).  Hypothetical  Case,  y^  = 0,  n^  normal 


Figure  1 shows  the  root  pattern  of  Table  V in  graphical  form. 
Tram  this  diagram  it  is  clear  that  there  is  a limited  range  of  f (0  to 
0. 0008  rads  ft-1  seo*2)  f0r  which  is  approximately  unity  while  «»m 
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increases  from  10  to  25  sec-1,  i.e.  in  this  range  f is  a frequency  control 
and  it  is  as  such  that  it  is  normally  used  in  modifying  the  weathercock 
characteristics  of  missiles.  Outsido  this  range  of  f however  the  system 
rapidly  goes  unstable  developing  negative  real  roots  for  f<  -0,000515 
and  f>  0.00125  rads  ft"1*  secs 

Figure  2 shows  the  corresponding  root  pattern  for  Table  VI  . Here 
the  pattern  is  very  much  simpler  and  for  positive  values  of  f (i.e. 
negative  feedback,  increases  indefinitely  tut  u^  tends  to  zero  as  f 
increases) . 

The  acceleration  response  of  the  missile  to  a step  in  the 
control  surface  demand  signal,  is  of  the  form  shown  in  Figure  5(a). 

There  is  an  initial  "kick"  due  to  the  suddenly  applied  control  surface 
lift  (the  j£-effeot)  followed  ultimately  by  a steady  3tate  acceleration 
which  is  opposite  in  sign  to  the  initial  kick  of  acceleration. 

The  magnitude  of  the  initial  .acceleration  kick  is  given  by 


ys 

?g  ‘ i-y5  f 


(39) 


and  therefore  it  increases  as  f is  increased  from  zero. 

The  magnitude  of  the  steady  state  acceleration  is  given  by 


\ Uxv£ 

^8VV.(bTD)  xv4 


(40) 


and  this  decreases  as  f is  increased  from  zero. 

Using  the  test  missile  as  an  example  Figure  3(b)  shows  the  magni- 
tude of  the  kick.  Figure  4 the  steady  state  acceleration  and  Figure  5 
the  ratio  of  (kick)/( steady  state)  acceleration.  Also  shown  on  Figure  4 
are  some  simulator  results  which  indicate  the  degree  of  agreement  between 
theory  and  simulator  and  act  as  a check  on  the  operation  of  the  simulator. 

In  the  case  of  the  hypothetical  missile  of  Case  (b)  with  yg  a 0, 
n£  normal,  there  is  no  acceleration  kick. 

3.32  Feedback  from  a displaced  accelerometer 

In  the  previous  seotion  the  effects  of  lateral  acceleration  feed- 
back on  the  response  of  the  missile  were  considered.  Since  the  accelera- 
tion kick  and  the  steady  state  acceleration  are  of  opposite  signs  any 
system  vising  a high  level  of  acceleration  feedback  in  order  to  attenuate 
(or  limit)  the  steady  3tate  acceleration  will  result. in  accentuated  accele- 
ration kicks  and  this  is  very  undesirable. 

The  difficulties  over  the  acceleration  kick  and  the  stability  of 
the  system  may  be  overcome  as  follows.  The  results  of  the  previous 
section  are  based  on  feedback  of  lateral  acceleration  i.e,  feedback  from 
an  accelerometer  situated  at  the  centre  of  gravity  of  the  missile.  If 
however  the  accelerometer  is  not  at  the  C of  G but  is  suitably  displaced 
from  it  then  the  undesirable  yg-effects  may  be  removed.  In  effect  the 
accelerometer  is  situated  so  tnat  it  does  not  register  the  acceleration 
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due  to  the  oontrol  surface  lift.  The  feedback  is  then  as  though  yg  » 0 
although  the  forward  channel  still  has  the  normal  yy  terms.  Sinoe  the 
oontrol  surface  lift  occurs  at  a point  at  a fixed  distance  behind  the 
C of  G there  is  a corresponding  point  ahead  of  the  C of  0 at  which  the  . 
angular  acceleration  of  the  missile  contributes  a lateral  acceleration 
component  which  is  equal  and  opposite  to  the  lateral  aooeleration  due 
to  the  oontrol  surfaoe  lift.  Thus  the  output  of  a lateral  accelerometer 
at  this  point  ahead  of  the  C of  G corresponds  to  that  measured  at  the 
C of  G of  a hypothetical  missile  in  which  yj  » 0 but  n^  is  unaltered 
(i.e.  Case  (b;  of  previous  section). 

For  an  accelerometer  situated  d feet  ahead  of  the  C of  G of  the  . 
missile  the  accelerometer  output  is 

a = h + dr  or  h"  + dt  (41 ) 

P P 

Now  from  equations  (2)  and  (3)  we  have  the  transfer  functions 


r\  - u*Sv 


nr  n<*  -V 

r=  5 = ; 


where  Q « p2  + p (-yy-  ny)  + Uxy? . 


Thus  the  transfer  function  for  the  accelerometer  output  is 


P2  (yr  + dny)  + P (*y_  “ ^rJ  * Ux> 


and  the  troublesome  coefficient  of  in  the  numerator  may  be  removed 
by  having  


yy  Ty  N- 

d = - ~-2  a - -J*  i — ■ ( e 4 ft  for  the  test  missile) 

n o 


This  gives 


a P (x£r  4 ft  3t^v)  + UxvS 


so  that  providing 


x«r  +^x«vandDxv« 
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are  of  the  same  sign  as  will  be  the  case  with  missiles  of  the  type 
considered,  then  the  output  of  the  accelerometer  is  always  of  the  BI91 
appropriate  to  the  steady  state  value  and  if  used  in  a feedback  loop  it 
oan  consistently  give  negative  feedback. 

Figure  6 shows  simulator  reoords  for  the  output  of  an  accelerometer, 
as  a function  of  its  distance  ahead  of  the  C of  G of  the  missile.  The 
acceleration  kick  is  seen  to  decrease  in  amplitude  and  then  change  sign  t 
as  the  distance  ahead  of  the  C of  G increases. 

For  d = - , the  initial  acceleration  kick  of  the  missile  is 

given  by 


A . 

X (-y5f.aft.j-  H 


(45) 


which  is  independent  of  the  amount  of  feedback  (f),  while  the  steady 
state  acceleration  is  given  by 


Ux 


V5 


- (b+  fU)  xv? 


(46) 


which  is  independent  of  the  position  (d)  of  the  accelerometer. 

With  a displaced  accelerometer  the  control  equation  beoomes 

^ ^ ♦ tr  ♦ f (Rp  ♦ d?)  (47) 

Reference  to  the  weathercock  characteristic  expression  Qq  given 
in  equation  (34)  of  Section  2.9  shows  that  in  this  ease  the  weathercock 
characteristic  expression  may  be  written  as 

Sc  = f2(1  “ fy?-dfr*?)  +p(-yv  -nr-bn5  *df*Sr)  +Unv  +xrv  ♦Df*ar 

(48) 

For  do-  "'%/nr  and  b * 0,09  sec  in  the  test  missile  this  gives 
= (p2  + 2uD  Wjjp  + u;2  ) x (Constant)  (49) 


where  %/2*  the  modified  weathercock  frequency  and  Up  it*  damping  ratio 
are  as  given  in  Table  VII. 


/TABUS  VII 
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TABLE  VII 


f 

rad  ft-1  sec^ 

“Id 

seo-1 

UD 

-5.2  10"2*- 

Change  c 

>f  mode 

-5.o  icr2* 

2.01 

4.56 

-icr2*- 

5.60 

1.04 

-10-5 

10.6 

0. 55 

0 

10.7 

0.94 

10-5 

10.8 

0. 92 

10"1* 

11.7 

0.86 

10-3 

18.3 

0.56 

10-2 

4.8.0 

0.24 

10"1 

145 

0. 16 

These  results  are  plotted  in  Figure  7 where  they  are  compared  with 
the  results  for  pure  acceleration  feedback  (fhp)  hut  for  y^  = 0.  n^ 
normal.  There  is  close  correspondence  between  the  two  sets  of  curves 
and  in  fact,  within  the  plotting  accuracy  the  damping  curves  coincide. 

This  illustrates  the  point  that  by  suitably  displacing  the  accelerometer 
the  advantages  of  a hypothetical  missile  in  which  y>.  = 0 but  n*  is  normal 
may  be  attained.  ^ ^ 

In  all  the  work  which  follows  it  is  assumed  that  the  accelerometer 
is  situated  at  a distance  d = - ^4/n^  ahead  of  the  P of  G of  the  missile. 

In  practice  the  exact  distance  would  not  be  critical  since  a small  increase 
or  deorease  in  the  acceleration  kick  when  the  acceleration  is  fedback 
would  not  be  important. 

3.33  The  effects  of  time  lags 

An  indication  of  the  effects  of  instruments  and  control  surface 
servo  time  lags  on  the  operation  of  a limiting  system  based  on  accelera- 
tion feedback  may  be  obtained  as  follows: 

If  the  total  oontrol  surface  demand  signal  (?p)  consists  of  a 
guidance  demand  (Kq)  , a rate-of-yaw  feedback  demand  (br)  and  an  accelero- 
meter feedback  demand  f(h  + d+)  then  the  control  surface  angle  is  defined 
by 


+ br  ♦ f (p^h  ♦ dp £i|r) 

1 * PTX 


(50) 


where,  Tx  is  the  time  lag  of  the  oontrol  surface  servo. 

Die  same  relationship  exists  if  the  servo  time  lag  is  zero  but 
each  of  the  component  demands  has  a time  lag  of  Tx  aeoonds. 

This  oontrol  relationship  leads  to  the  following  characteristic 
equation  for  the  missile  motion. 
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U' 

(AlP3  ♦ BlP2  ♦ ClP  ♦ »,)  ^ 

L ** . 


where  A . = T 
1 x 

B1  = 1 - T (y  ♦ n ) 

C1  = “yv  - bn<  - + Tx  (Unv  * xrv) 

D1  = Unv  + xrv  + bx5r  + 

for  d = - . 


Writing  this  equation  in  the  form 


(p  + ox)(p2  ♦ 2^ 


[p2h~ 

v 

or  ! 
r 


« 0 


(51) 


(52) 


TABLE  VIII 


Tx 

sec 

a) 

X -1 
rad  sec 

u 

X 

a 

xi 

sec  1 

0 

13.3 

0.56 

- 

10-3 

18.5 

0. 55 

98.0 

10“2 

20.3 

0. 52 

80.8 

51 0“2 

20.3 

0.14 

16.2 

71 0"2 

18.8 

0.074 

15.5 

10"1 



17.2 

l, 

0.02 

11.3 

The  system  remains  stable  as  Tx  increases,  the  frequency  remaining 
approximately  constant  but  the  damping  ratio  tending  to  zero.  The  damping 
ratio  does  not  fall  appreciably  until  the  time  lag  Tx  exceeds  10 
milliseconds.  This  loss  in  damping  may  be  portly  regained  by  an 
increase  in  the  amount  of  rate-of-yaw  feedback  - i.e.  an  increase  in  b. 

Thus  the  general  impression  is  that  if  the  rate— of-ysw  feedback  is  chosen 
to  give  adequate  damping  in  the  presence  of  the  time  lags  then  these  lags 
should  not  be  a serious  handicap  in  applying  the  method. 

The  general  trend  of  Table  VIII  is  borne  out  by  the  simulator  records 
of  Figure  8.  These  reoords  show  the  responses  of  the  missile  to  step 
demands  of  for  various  values  of  Tx  (inserted  on  the  simulator  as  a 
control  surface  time  lag).  The  feedback  gain  of  the  acceleration  terms 
(f)  happened  to  be  greater  in  these  reoords  than  that  assumed  in  Table  VIII 
being  0,0055  rad  ffl  sec2  instead  of  0.001  rad  ft“1  see2.  The  decreasing 
negative  kick  in  the  records  of  Figure  8 is  a direct  oonsequenoe  of  the 
increasing  time  lag  in  the  oontrol  surface  servo. 
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3.34  Multiple  aooeleration  feedbacks 

Up  to  this  point  the  acceleration  feedback  gain  has  been  denoted 
by  f (in  rads  ft”'  sec2  or  degrees  per  g).  In  the  acceleration  limiting 
systems  there  are  several  possible  types  of  aooeleration  feedback  which 
may  be  used  in  different  ways  for  different  purposes,  e.g.  feedback  of 
pure  acceleration  or  feedback  of  the  output  from  a displaced  accelerometer 
for  the  purpose  of  weathercock  frequency  modification  or  feedback  from  a 
displaced  accelerometer  for  the  purposes  of  limiting.  To  distinguish 
between  such  feedbacks  the  feedback  gain  in  a system  using  oontinuoua 
acceleration  feedback  for  weathercock  modifications  is  denoted  by  f (in 
rads  ft”1  sec2  or  degrees  per  g)  whereas  the  feedback  gain  in  a system 
using  discontinuous  acceleration  feedback  for  the  purposes  of  limiting 
is  denoted  by  F (in  rads  ft"1  seo2  or  degrees  per  g).  Both  types  of 
feedback  may  occur  in  the  same  system. 

3.4  Threshold  feedback  from  a displaced  aooelerometer 

Negative  feedback  to  the  control  surfaces  from  a forward  displaced 
accelerometer  produces  an  attenuation  of  the  steady  state  acceleration 
without  accentuating  the  yg*kick  of  acceleration  and  gives  a system  with 
a range  of  stability  approximating  to  that  of  a missile  with  y^  » 0.  If 
the  feedback  is  only  operative  if  and  when  the  acceleration  exceeds  a 
specified  value  then  the  attenuation  effect  becomes  a limiting  effect. 
Figure  9 shows  in  schematic  form  a limiting  system  based  on  this  approach. 

V/henever  the  output  from  the  displaced  accelerometer  (K_  + d|) 
becomes  more  positive  than  a fixed  positive  level  T0  then  the  threshold 
cirouit  (l)  feeds  back  to  the  oontrol  surfaces  a demand  proportional  to 
the  excess  [h  + d i - T,J  . System  (2)  operates  ..in  a similar  manner  to 
feed  back  a dfcmand  proportional  to  [Tc  - h_  - d<r]  whenever  the  accelero- 
meter output  is  more  negative  than  -Tc.  Only  one  of  these  feedback  loops 
can  be  in  operation  at  any  one  time.  In  operation  the  missile  will 
respond  to  the  input  demands  ^ until  the  accelerometer  output  indicates 
excessively  large  accelerations  (definod  by  +T0  and  -Tc)  when  the  appro- 
priate feedback  loop  comes  into  operation  to  reduce  the  demanded  oontrol 
surface  deflection  S and  so  attenuate  the  acceleration  response  beyond 
the  £f0  levels. 

Figure  10  shows  simulator  records  for  this  type  of  limiting  system 
as  applied  to  the  test  missile  with  the  weathercock  modification  to  give 
oritical  damping,  (i.e.  b = 0,09  sec.  f » -6.3  10"5  rad  ft"1  see2).  Hie 
limiter  accelerometer  was  Bituated  -XZ/riy  « 4 ft  ahead  of  the  missile 
C of  G.  The  threshold  levels  were  set  to  correspond  to  steady  state 
accelerations  of  ±10g.  In  response  to  step  control  surface  demands  (<4) 
the  missile  acceleration  (h_)  and  the  wing  incidence  (%)  were  recorded 
for  various  values  of  the  feedback  gain.  (F).  The  wing  plus  body  lift 
(V,  measured  in  g's)  is  given  by  -0,57  %.  It  will  be  noted  that  in  all 
the  records  the  steady  state  values  of  and  W are  the  same,  as  is  to  be 
expected  for  a neutrally  stable  body-wing  combination.  The  oontrol 
surface  lift  (R,  measured  in  g's)  is  the  difference  between  R_  and  V and 
is  therefore  olearly  in  the  form  of  an  impulsive  response  whefi  the  demand 
(^)  is  applied  followed  later  by  another  impulsive  response  when  the 
feedback  suddenly  ooi?es  into  operation. 

'Figure  11  shows  the  steady  state  value  of  R_  or  W (deduced  from  the 
simulator  records)  as  a function  of  the  magnitudepof  the  oontrol  surface 
demand  and  the  feedback  gain.  There  is  no  absolute  bound  to  the  aooelera- 
tion, only  an  attenuation  of  the  excess  of  aooeleration  over  the.  ±10g 
level,  this  attenuation  increasing  as  the  feedback  gain  is  increased. 
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If  the  control  surface  has  a fixed  traverse,  say  420°,  then  the 
steady  state  acceleration  reaches  an  absolute  bound,  which  is  dependent 
on  altitude,  velooity  etc,  when  the  input  control  surface  demand  exceeds 
420°.  This  effeot  is  indicated  on  Figure  11, 

The  rather  indefinite  limiting  obtained  with  this  system  may  be 
greatly  improved  by  the  method  discussed  in  later  sections. 

3.5  The  monitored  diode  system  of  acceleration  limiting 

The  feedbaok  from  the  displaced  acoelerometer  can  be  used  more 
effectively  than  as  described  in  the  previous  section.  A system  is 
proposed  which  is  a combination  of  the  two  systems  mentioned  so  far. 

(a)  The  current  method  of  using  diode  clippers  on  the  input  demands 
for  control  surface  deflection  which  gives  sharp  limiting  but  to  a 
level  dependent  on  the  aerodynamic  parameters,  and 

(b)  The  feedback  system  of  the  previous  section  which  does  not  give  a 
sharp  limit  but  is  less  dependent  on  the  aerodynamic  parameters. 

If  the  output  from  the  displaced  accelerometer  is  fedback  and  used 
to  monitor  the  level  at  which  the  diode  clippers  work  then  a system  which 
gives  sharp  limiting  and  is  less  dependent  on  the  aerodynamic  parameters 
is  obtained.  If  the  sense  of  the  feedback  is  such  as  to  decrease  the 
magnitudes  of  the  biassing  voltages  on  the  diodes  then,  as  and  when  the 
accelerometer  output  tends  to  overshoot  the  values  set  by  the  threshold, 
the  magnitudes  of  the  diode  voltages  decrease  to  the  value  at  which  the 
ultimate  acceleration  is  very  nearly  equal  to  the  value  defined  by  the 
threshold  circuit.  In  this  way  the  maximum  lateral  acceleration  does 
not  increase  appreciably  even  if  the  aerodynamic  stiffness  of  the  missile 
increases.  It  is  an  important  requirement  that  if  the  aerodynamic 
stiffness  decreases  then  the  ultimate  acceleration  should  not  be  appreci- 
ably less  thnn  the  design  limit  or  the  missile  is  being  used  inefficiently. 
The  effects  of  decreasing  aerodynamic  stiffness  may  be  countered  in  the 
above  system  of  limiting  by  making  the  original  diode  biassing  voltages 
such  that,  at  the  least  aerodynamic  stiffness  expected,  the  full  design 
acceleration  is  achieved  and  the  feedback  system  will  keep  the  accelera- 
tion down  to  this  figure  as  the  aerodynamic  stiffness  increases.  The 
smaller  the  margin  that  has  to  be  allowed  for  this  purpose  the  better  since 
the  amount  of  correction  to  be  applied  by  the  feedback  system  increases 
as  the  original  biasses  are  increased  in  magnitude. 

Figure  12  shows  the  system  in  block  schematic  form.  The  two  thres- 
hold blocks  of  Figure  9 have  now  been  drawn  as  one  block  since  in  a practi- 
cal application  the  threshold  levels  +T0  and  -T0  could  be  defined  by  a 
pair  of  diodes  as  on  Figure  13.  The  usual  diode  clipping  or  limiting 
arrangement  is  shown  but  in  place  of  the  usual  D.C.  biassing  voltages  on 
these  diodes  we  have  the  output  voltages  of  a pair  of  sunning  amplifiers. 
One  input  to  each  amplifier  is  a constant  D.C.  voltage  so  that  the  critical 
bias  on  the  diodes  may  be  set  to  give  the  designed  acceleration  for  the 
lowest  aerodynamic  stiffness  to  be  expected.  The  voltage  output  from 
the  displaced  accelerometer  passes  through  the  threshold  system  and  is 
then  applied  to  the  input  of  the  biassing  amplifiers  so  that  the  output 
voltages  from  these  amplifiers  decrease  when  the  accelerometer  output 
breaks  through  the  threshold  system.  Figure  13  gives  a detailed  circuit 
diagram  of  the  arrangement  used  in  the  simulation.  It  is  probable  that 
this  oould  be  simplified  for  a missile  application. 

3.51  Analysis  of  the  monitored  diode  system 

This  analysis  is  directed  towards  the  determination  of  appropriate 
values  of  the  initial  diode  bias  expressed  In  terms  of  the  equivalent 
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oontrol  surface  demand  angle  (E  degrees),  the  threshold  levels  (£T0  in  g's) 
and  the  g?dn  (P  degrees  per  g)  in  the  feedback  loop  from  the  displaced 
aocelerometer. 

Since  this  is  a steady  state  analysis  we  may  make  use  of  the 
approximation  that  the  weathercock  modifying  feedbacks  (br  and  flL)  have 
a negligible  effect  on  the  steady  state  response  of  the  tests  missile. 

(See  Section  2.9). 

The  twin  feedback  loops, one  for  excessive  positive  accelerations  and 
one  for  excessive  negative  accelerations,  see  Figure  14(a)  may  be  analysed 
as  one  feedback  loop  if  the  correct  sign  convention  is  adopted. 

Let  B,  Tc  and  F be  positive  quantities.  In  the  steady  state 
relationship 


of.  eqn.  (5) 


kh  is  a negative  number.  Thus  if  the  input  control  surface  demand  ^ > B 
we  have 

5 = B + F (K  + T ) 

P c 

while  if  < - B we  have 

5 = - E + F (K  - T J 

p c 

Both  of  these  relationships  conform  to  the  expression 


Ul  - B - F (|Rp|  - Tc)  (53) 

which  may  be  represented  diagramatically  as  in  Figure  14(b). 

(a)  The  choice  of  diode  bias  B 


The  value  cf  B is  given  by  the  value  of  £ which  gives  the  required 
acceleration  under  the  conditions  of  least  aerodynamic  stiffness.  This 
is  given  by 

ffipl  " Ikh>  * 

where  |Rpi  * T0  and  |kjJ  has  its  lowest  possible  value. 

Now 

<=  (146. 6) (15)  ft  sec”2  rad"1  for  the  test  missile. 

These  figures  are  for  maximum  altitude  where  |kjj|  has  its  lowest  value. 
If  in  addition  we  allow  a (O.75)  tiroes  reduction  in  (k^l  to  allow  for  a 
possible  fall  in  the  expected  velocity  we  have 

■ (0.75)(146.6)(15)  ft  sec"2  rad"1 

3 0,66. g per  degree. 
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Thus  if  the  design  acceleration  limit  is  given  by  Te  B 10g  the 
largest  value  of  £ ever  required  is  1 ®/0. 86  a 11,6  degrees.  Therefore 
the  diode  bias  B should  be  such  that 

B > 11.6  degrees  (%) 


(b)  The  feedback  loop 

When  the  acceleration  exceeds  Tc  we  have  from  equations  (5)  and  (53) 


IK 


B ♦ FT_ 


1 (in  g's) 


(55) 


The 

infinity. 


The 


limiting  acceleration  therefore  tends  to  Tc  as  F tends  to 

monitored  bias  on  the  clipping  diodes  is 

B - P ( |Rpl  - Tc)  (in  degrees) 


B ♦ FTe 

1 ♦ F|kh|  (in  de«r#e«J 


(56) 


and  this  tends  to 


degrees  as  F tends  to  infinity. 


Equations  (55)  and  (56)  show  that  the  monitored  bias  on  the  diodes 
is  multiplied  by  |kh | we  get  the  effective  acceleration  to  which  the  system 
is  limiting. 


The  difference  between  the  effective  acceleration  limit 
the  desired  limit  viz.  the  threshold  level  T0  is  given  by 


or 


B*  FTC 


To  - B|*hl 
1 ♦F|kh| 


(in  g's) 


(in  g's) 


(57) 

(58) 


Now  this  difference  in  the  absenoe  of  feedback  is  (Te  - Blkjjl)  in 
g's,  so  that  the  feedback  reduces  the  difference  between  the  effective 
acceleration  limit  and  the  desired  limit  by  a factor  1 ♦ P(kjj|. 


Figure  15  shows  the  form  of  the  steady  state  acceleration  as  a func- 
tion of  the  input  oo'ntrol  surface  demand  Kq  and  the  system  constants  T0, 

B,  P and  kj,.  This  figure  differs  from  Figure  11,  for  the  direot  feedback 
case  in  that  for  a given  feedback  gain  F there  is  now  an  absolute  bound 
to  the  acceleration. 
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(o)  The  oholoe  of  feedback  gain  P 

Assume  as  the  design  criterion  that  the  limiting  acceleration  has 
to  be  within  10$  of  the  design  value  over  the  expected  altitude  and  speed 
range. 


We  have  for  the  limiting  acceleration 

B t P 


lhT 


P ♦ 


1 


cf.  eqn.  (55) 


Now 


''h 


Un  + x 
v rv 


Ux 


v£ 


at  the  design  altitude  and  velooity. 


cf.  eqn.  (5) 


If  u and  cr  denote  the  ratio  of  actual  velocity  and  air  pressure  to 
the  values  under  the  design  conditions  then  using  equations  (23)  we  have 


uUn  + ff  x 
v rv 


p <J  Ux 


v? 


pc 


for  the  test  missile  since  ia  nt  most  10$  of  ^f/ per  . This  approxi- 

mation is  justified  for  as  will  be  seen  below  we  require  P > 0.005 
rads  ft-1  scc^  whereas  the  maximum  value  of  PAhl  over  the  range  of  v< 
ables  considered  i3  of  the  order  of  0.0005  rads  ft-1  sec^.  Thus  a 1Q$ 
approximation  in  V^h  gives  nt  most  a 1$  error  in  the  calculated  limiting 
acceleration. 


vari- 


Therefore 


giving 


\K 


B + .P  T_ 


F ♦ 


n 


Uin 

l^plmax 


P + 


Tik 


max 


min 


a x , say 
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Hence 


p _ fr^majc 

b - x)  Ks  I 

and  for  the  altitude  and  speed  range  defined  by 


(59) 


1 < ff  < 10 
0.75  < t>  < 1.33 

this  gives  the  results  of  Table  IX 


TABLE  IX 


i F 

X 

j rad  ft"1  “see2 

i 

i °c 

1 

1 

j o.  01 1 

0.95 

1 0.005 

0.9 

j 0.0023 

0.8 

Therefore  to  hold  the  limiting  acceleration  within  10#  of  the  design  value 
we  require  F > 0.005  rads  ft”*  sec2. 

(d)  Pie  overall  performance  of  the  monitored  diode  system 

We  consider  the  problem  of  limiting  the  acceleration  of  the  test 
missile  to  within  10#  of  a lOg  limit. 

From  Para,  (a)  above  the  diode  bias  B should  be  >11.6  degrees  to 
ensure  that  lOg  is  reached  under  all  expected  flight  conditions. 

From  Jtara.  (c)  above  the  feedback  gain  F should  be >0.005  rad  ft-1  sec2 
to  ensure  that  the  acceleration  limit  does  not  vary  by  more  than  *10#  from 
lOg. 


Suppose  then  that 

T0  » lOg  i.e.  320  fVsec2 
B «s  15  degrees 
F a 0.006  rad  ft"1  sec2 

equation  (55)  gives  the  limiting  acceleration  for  the  design  condition  as 
10. 5g.  For  exactly  lOg  equation  (55)  shows  that  for  the  design  conditions 
Tq  would  have  to  be  303  ft/seo2. 
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As  a fuller  illustration  oonsider  the  application  of  this  limiting 
system  to  the  test  missile  under  the  following  conditions 


Design  altitude  = 

Design  velocity  = 

Design  value  of  ny  = 
F = 

Tc  = 
B = 


30,000  ft 
1 ,500  ft/sec 
V1 5 ft-1  sec-1 
0,006  rad  ft"^  sec2 
303  ft  sec-2 
15  degrees 


Possible  departures  from  these  design  conditions  may  be  defined  by 


1 < cr  < 10,  where  ff  is  the  ratio  of  actual  air  pressure  to  the 
pressure  at  the  design  altitude 

0.75  < < 1.33,  where  ^ is  the  ratio  of  actual  velocity  to  the 

design  velocity 

0.5  < X < 2,  wher.'  X is  .the  ratio  of  actual  to  the  design  ny. 

The  limiting  accel eratior.3  f s given  by  equation  (55)  arc  as  quoted 
in  Table  X. 


TABLE  X 


c r 

v = 0.75 

= 1 

n = 1.33 

<T 

M = 0.75 

= 10 
M = 1.33 

X = 0.5 

10.3?. 

10.5? 

10. 7g 

10. 7g 

X = 1.0 

•?.  eg 

1C.  2? 

10. 7g 

10. 8g 

X = 2.C 

8.2g 

9.1g 

10.  Ag 

10. 6g 

It  will  be  noted  that  for  the  design  value  of  Sy  (i.e,  X s l)  the 
limiting  accelerations  over  the  operating  altitude  and  velocity  range, 
are  all  within  the  desired  1(?4  of  the  design  value  of  lOg.  The  departures 
from  the  desired  lOg  limit  are  not  great  even  when  the  value  of  the  design 
riy.  is  changed  by  2:1  (i.e.  X=  0.5  or  i a 2).  The  limiting  acceleration  is 
therefore  effectively  independent  of  the  aerodynamics  and  flight  conditions 
over  their  probable  range  of  variation. 

(e)  Limitation  of  wing  lift 

The  feedback  systems  discussed  in  the  previous  seotions  are  such 
that  limits  are  set  to  the  total  lift  T.  In  later  sections  methods  of 
limiting  the  oontrol  surface  lift  R are  described.  Ideally  shat  is 
required  are  individual  limits  to  the  wing  lift  and  the  control  surface 
lift.  Unless  the  departure  from  neutral  stability  is  very  great  W H T 
and  the  limitation  of  W rather  than  T is  in  the  nature  of  a refinement. 

For  completeness  however  we  now  oonsider  the  possibility  of  modifying  the 
total  lift  limiting  system  so  that  we  get  a wing  lift  limiting  system,  i.e. 
we  consider  the  problem  of  limiting  W directly  and  in  the  presence  of  a 
changing  missile  stability  (e.g.  changing  H or  nv)  by  using  feedbaok  from 
a displaced  accelerometer. 
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In  the  steady  state  we  have 


S*kv  j 


But  the  feedback  system  limits  h^  so  thnt 


Lim  |h 


B ♦ P T. 


P F * IVkh| 


Thus 


Lim  |vj  = 


k B ♦ ? T« 


“h  p ♦ IVkhl  j 


But  is  negative,  therefore 


Lim  | v j a 


B + F T„ 


v Fl^  f 1 

on  substituting  for  k;  from  equation  (5)  this  gives 

k 


Lim  |vj  = 


(B  + P TqKx^  - Unr) 


PUx  „ - Un  - x 
v^  v rv 


of.  eqn.  (5) 


of.  eqn.  (55) 


Lim  | v | is  independent  of  n^.,  i. e.  independent  of  H,  if 


d - Uny  - x^  |-0 


\ L 


] 


with  this  value  of  P 


“*  I’l  |^(B‘5t) 

*»  »*  -if)]T 


(60) 


(61) 


(62) 


of.  eqns,  (t  1 ) and  (l  2) 
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Therefore 


Llm  | .7 1 


yv  + 


|Bys  + t0| 


since  y » 


(63) 


Thus  Lim  |v/|  oon  be  made  independent  of  riy  provided  P can  be  programmed 


30  that  over  the  altitude 
of.  eqn.  (6l)  or  more 


ude  nnd  velocity  variations  expected  F = yy- 
generally  P = '/y*.  ■ ‘/a  py^  . The  limit  ^ 


achieved, j B + TQ | , is  a function  of  y-  and  so  will  vary  greatly  over 

|8  <J  py^  ♦ Tq  | at  anything  other 
Consequently  B and/or  Tc  would 


the  altitude  and  velocity  range,  being 
than  the  design  altitude  and  velooity. 


also  have  to  be  programmed  with  altitude  and  velooity  and  the  system 
becomes  very  involved. 


3. 52  Simulator  results  for  the  monitored  diode  system  of  limiting 

Figure  16  shows  the  input-output  relationship  for  the  threshold  system 
used  on  the  simulator.  7hi3  figure  shews  the  voltage  developed  at  the 
monitored  diodes  as  a function  of  the  voltage  output  from  the  accelerometer. 
2 is  defined  as  the  slope  of  the  linear  portion  of  the  curves  in  degrees 

per  ft/scc^.  In  operation  the  system  is  such  that  the  operating  point  on 

these  curves  is  on  the  knee  of  the  curves  3ince  the  accelerometer  output  is 
only  slightly  greater  than  the  threshold  level.  Thus  the  effective  feedback 
gain  (F)  is  less  than  that  given  by  th  linear  slope  of  the  curves  (’}).  In 
a practical  application  of  this,  or  a similar  system  for  the  threshold 
system,  a calibration  would  have  to  be  prepared  giving  the  effective  feed- 
back gain  as  a function  of  th'  system  parameters.  In  the  present  simulator 
work  3 (which  is  closely  related  to  F and  has  the  same  dimensions)  has 

been  used  as  the  parameter  descriptive  of  the  feedback  gain  of  the  system. 

Jhe  responses  of  the  test  missile  with  the  monitored  diode  system  of 
limiting  have  been  detained  on  the  simulator,  A large  step  demand  for 
control  surface  angle  was  used  as  input  and  the  resulting  responses  in 
total  lift  T and  wing  lift  W were  obtained  for  a feedback  gain  range  of 
V730  < 3 < 10/730,  and  a -static  margin  shift  range  of  -9"  < H < + 9". 

The  T-records  are  given  in  Figure  17  and  the  W-records  in  Figure  18.  The 
difference  between  T and  77  in  any  given  case  is  the  control  surface  lift 
R.  It  will  be  noted  that  7T  is  limited  with  negligible  overshoot  so  that 
the  overshoots  on  the  T-records  ore  the  transient  control  surface  lifts  R 

The  steady  state  ratio  Ws/Ta  (see  Section  2.8)  is  independent  of 
altitude,  velocity  and  feedback  gain  but  is  dependent  on  the  static  margin 
change  H.  We  have 


and  for  the  test  missile  this  is  approximately 


of.  eqn.  (24) 


*s 

% 


where  H is  in  indies 


(64) 
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Figure  19  compares  this  approximate  theoretiool  evaluation  of '^»/T8 
with  the  simulator  results  of  Figures  17  and  18  and  the  agreement  is  reason- 
ably good. 

The  steady  state  values  TB  and  'H3  given  by  the  records  of  Figures  17 
and  18  are  plotted  as  function  of  3 and  H in  Figures  20  and  21,  It  will  be 
noted  that  Ta  tends  to  become  less  dependent  on  H for  large  values  of  3 . 

For  Y7_  however  Figure  21  indioates  that  7 la  is  independent  of  H for  3 = 
0.0055  rad  ft-1  seo2.  Now  in  Section  5.52  (e)  it  was  shown  that  W3  should 
be  independent  of  H if  the  feedback  gain  F - Vy>  * V^OO  rad  ft-1  sec^. 

A very  approximate  indication  of  the  inter-relationship  between  F and  3 
is  therefore  3 = 4.4  F and  this  is  consistent  with  the  ocneept  of  the 
system  operating  on  the  knee  of  the  threshold  ourves. 

Figure  22  shows  the  absolute  bound  to  Ts  given  by- the  monitored  diode 
system.  For  various  values  of  3 the  system  was  set  by  T0  to  give  a nominal 
lOg  limit  and  the  ootunl  limit  obtained  w;i3  plotted  as  a function  of  the 
input  demand  signal.  Comparison  with  Figure  11  which  gives  the  correspond- 
ing results  for  direot  feedback  of  acceleration  shows  the  advantages  of  the 
monitored  diode  technique.  Figure  23,  which  shows  various  limiting  systems 
applied  under  identical  conditions,  further  illustrates  the  superiority  of 
the  monitored  diode  system. 

3.6  A comparison  of  the  limiting  systems 

The  maximum  acceleration,  or  lift  of  the  missile  must  be  limited  but 
we  should  not  aompore  limiting  systems  solely  on  the  efficiency  of  their 
limiting  action  since  an  important  consideration  relating  to  the  overall 
performance  of  the  missile  system  (e.g.  estimates  of  miss  distances)  is 
the  "effective  point"  in  the  system  at  which  the  limit  occurs.  In  general 
terras  a non-linear  element  is  being  introduced  into  the  system  and  the  over- 
all performance  of  the  system  is  dependent  on  where  in  the  system  this  non- 
linearity occurs. 

An  important  example  of  this  is  provided  by  the  case  of  a beam  riding 
missile.  As  a result  of  radar  beam  jitter  (of.  Section  2.10  and  Refs.  1 and 
2)  the  legitimate  guidance  and  control  signals  have  pronounced  noise  or 
jitter  components.  Non-linearities  in  the  missile  control  system  such  as 
the  acceleration  limiting  system,  may  result  in  rectification  of  the 
"legitimate  control  signal  plus  noise"  and  give  as  a consequence  an  effec- 
tive distortion  of  the  legitimate  signal.  For  example,  if  the  legitimate 
signal  is  a steady  demand  for  7g  acceleration  and  the  noise  component 
superimposed  on  the  legitimate  signal  has  peaks  greater  than  that  correspond- 
ing to  3g,  then  lateral  acceleration  limits  set  at  lOg  will,  because  of  the 
asynmetrioal  clipping  of  the  noise  peaks,  result  in  a mean  acceleration  of 
less  than  7g. 

The  hitter  the  signal/noise  ratio  at  the  stage  when  limiting  is  applied 
the  smaller  the  distortion  of  the  signal.  Thus  it  is  preferable  to  apply 
the  limiting  after  rather  than  before  any  noise  filtering  that  may  be 
present.  The  response  of  the  missile  to  its  control  surfaces  is  such  that 
it  provides  a filter  against  the  higher  frequencies  so  that  ideally  we  would 
like  to  have  the  missile  develop®  acceleration  as  though  there  were  no 
limits  and  then  by  some  means  only  accept  those  values  less  than  a specified 
amount.  With  such  a system  we  would  have  limiting  but  other  than  that  no 
distortion  of  the  legitimate  signals.  "Acceleration  clipping"  may  be  used 
to  describe  such  a system.  In  practice  we  cannot  limit  the  acceleration 
in  this  way  since  the  only  method  of  manoeuvring  the  missile  is  by  moving 
its  oontrol  surfaces  and  accepting  the  subsequent  acceleration. 
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Although  the  different  limiting  systeme  disousaed  here  have  been 
applied  to  the  same  physical  point  in  the  Bystem,  namely  that  point  in  the 
system  at  which  the  oontrol  surface  .demand  signal  appears,  they  are  depen- 
dent to  different  degrees  on  feedback  of  the  missile  acceleration  and  thus 
will  give  results  intermediate  between  simple  limiting  of  the  oontrol 
surface  demand  signal  and  ideal  acceleration  clipping.  Figure  24-  illustrates, 
in  .an  approximate  fashion  (i.e.  neglecting  the  dosed  loop  nature  of  the 
missile  guidance  system)  the  limiting  action  of  various  systems.  We  assume 
Curve  (a)  to  represent. the  acceleration  developed  by  the  missile  during  the 
course  of  some  manoeuvre.  If  ± Ajn^  represents  the  desired  maximum  accelera- 
tions then  Curve  (b)  illustrates  the  ideal  oase  of  "acceleration  clipping"  - 
being  simply  Curve  (a)  between  the  values  - A-,-.  Curve  (o)  shows  the 
type  of  acceleration  response  to  be  expected  with  simple  limiting  of  the 
input  demand  signals  and  rate-of-yaw  feedback  to  achieve  critical  damping. 

The  acceleration  builds  up  in  a critioally  damped  fashion  to  the  limits 
± Aj^^.  Curve  (c)  is  clearly  less  desirable  than  Curve  (b)  since  the 
acceleration  build  up  to  the  limits  is  slower.  The  acceleration  feedback 
systems  of  limiting  give  acceleration  responses  whioh  are  intermediate  in 
type  between  those  shown  in  Figure  24  Curves  (b)  and  (c).  The  build  up  of 
acceleration  is  still  exponential  as  in  (o)  but  now  builds  up  to  a value 
greater  than  and  is  only  arrested  in  its  build  up  when  the  threshold 

system  is  operated  at  or  near  The  build  up  rate  of  acceleration  is 

still  less  however  than  in  ca3c  (c). 

It  is  of  interest  to  de termin'*  which  of  the  limiting  methods  dis- 
cussed in  this  report  most  nearly  approaches  the  ideal  acceleration  dip- 
ping concept.  From  Figure  24-  it  vruld  seem  reasonable  to  assume  that  a 
measure  of  the  R.M.S.  acceleration  ’would  give  a criterion  by  which  the 
different  systems  may  be  compared.  The  best  system  will  have  a larger  R.M.S. 
value  than  any  of  the  other  systems,  tending  in  the  limit  to  the  R.M.S. 
value  given  by  an  ideal  acceleration  clipping  system. 

This  problem  has  been  studied  on  the  simulator  using  the  test  bewn 
rider  with  a typical  radar  Jitter  signal  (of.  Section  2.9  and  Refs. 2 and  3). 
For  each  of  the  limiting  methods  discussed  earlier  the  R.M.S,  wing  lift 
has  been  determined  when  the  nominal  limiting  lift  corresponds  to  ♦1 Og, 

In  each  case  a range  of  values  of  riy,  or  centre  of  gravity  positions,  has 
been  explored  by  assuming  H,  the  change  in  static  margin  from  the  design 
static  margin,  to  be  -9",  0 or  +9". 

Case  (a) 

The  test  beam  rider  with  typical  jitter  signals. 

No  acceleration  limiting. 

Case  (b) 

As  for  (a)  but  with  ideal  "acceleration  dipping"  at  ilOg. 

Case  (c) 

As  for  (a)  but  with  the  input  oontrol  surface  demand  signals  limited. 

For  each  value  of  H the  limits  were  adjusted  to  give  & ilOg  limit  to 

the  acceleration. 

Case  (d) 

As  for  (a)  but  with  the  monitored  diode  system  of  limiting. 

System  set  up  to  give  a limit  of  HOg  with  a feedback  gain  of 
F =»  0.0055  rad  ft"1  seo2  for  H » 0. 
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Case  (c) 

As  for  (a)  but  v.-ith  simple  threshold  feedback  of  acceleration. 

Gains,  thresholds  etc,  as  for  (D)  but  with  the  feedback  signals  fed 
directly  to  the  control  surface  demand  signal  instead  of  onto  the 
diode  clippers.  * 

Case  (f) 

As  for  (e)  but  with  a prelimitcr  c.p.  mechanical  stops  on  control 
surface  set  to  give  the  desired  limiting  acceleration  under  the  condi- 
tion of  least  aerodynamic  stiffness  in  the  r-wige  -9"  < H < +9" . 

Figure  25  compares  in  graphical  form  th<  results  obtained  for  cases 
(a)  to  (f).  From  this  figure  it  is  clear  that  the  monitored  diode  system 
of  limiting  is  the  n<  -rest  ar;  roach  to  the  ideal  case  of  acceleration 
clipping. 

3.7  Conclusions  on  total  lift  limiting 

The  monitore  d diode  system,  < r.r  1 eying  threshold  feedback  from  an 
accelerometer  situated  a dictanc*  at  t r-'xir.atcly  equal  to  ahead  of 

the  centre  of  gravity  of  the  missil  ■,  giv. s a method  by  which  the  total 
lift  of  the  missile  may  ti  limit*  d. 

By  a suitable  choice  of  fe  < dfcack  gains  etc.  the  total  lift  nay  be 
constrained  within  a specified  pre  nt-  ge  of  a given  value  ov»  r a given  range 
of  variations  in  altitude,  v- locity  • r.d  missil  static  margin.  For  example 
consider  a typical  mediur.-r-r.g-  Vy  missile  operating  over  a 10:1  air 
density  range  and  a 0.75:1:'. 33  velocity  rar.go.  The  results  of  Table-  X on 
page  41  indicate  that  ■*  feedback  g- in  of  th-.  order  of  0.006  rads  ft-^  sec2 
together  with  appropriat*.  biases  and  thresholds  gives  at  most  an  0$  variation 
in  the  lift  limit  over  this  density  -nd  v-  locity  range , Further,  a 2:1 
change  in  the  Nv  derivative  produces,  in  conjunction  with  the  same-  density 
and  velocity  variations,  a ch  r.g:  -f  at  most  29/;  in  the  lift  limit. 

This  system,  of  limiting  has  advantag.-o  over  all  the  other  systems 
assessed  and  most  nearly  approximates  t-^  the  idt al  case  in  which  limiting 
occurs  as  the  final  event  in  the  development  of  the  missile  lift. 

4 The  Limitation  of  Control  -Surface  Lift 


It  is  first  shown  that  if  a missile  has  a neutrally  stable  body  wing 
combination  then  the  angular  acceleration  of  the  missile  provides  a good 
measure  of  the  peak  control  surface  incidence  and  hence  of  the  peak 
oontrol  surface  lift.  This  leads  to  proposals  for  limiting  the  peak 
oontrol  surface  lift  by  suitable  feedback  of  angular  acceleration.  The 
proposed  system  is  then  studied  in  detail.  Further  sections  discuss  the 
performance  of  this  system  when  the  neutral  stability  condition  is  not 
satisfied. 

4, 1 Angular  acceleration  as  a measure  of  peak  control  surface  lift 

In  Seotion  2.6  it  was  shown  that  the  relationship  between  the  control 
surface  incidence  (@r)  and  the  missile  angular  acceleration  (¥)  for  a 
neutrally  stable  body-wing  combination  was  given  by 


er  p2  + p (-yv-nr)  -P  (i-lf) 

P2t 


of.  eqn.  (17) 
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In  order  to  estimate  the  oonditione  under  which  the  angular  accelera- 
tion p2|  may  be  used  as  a measure  of  oontrol  surface  incidence  Pp  we 
consider  the  above  transfer  funotion  as  it  applies  in  the  different 
ftrequenoy  ranges  o£<1ju2>1j<»£»i. 

For  frequencies  such  that  ^ < 1 the  constant  term  in  the  numerator 
is  important  and  the  angular  acceleration  is  not  a good  measure  of  the 
oontrol  surface  incidence.  However  for  such  low  frequencies  the  oontrol 
surface  inoidcnee  is  small,  Fr/5  being  of  the  order  of  Vi 00  for  the  test 
missile. 

For  frequencies  such  that  > 1 then 

f * (-yv  - *r)  - (i 


Jr. 

r2t 


so  that  if  t-yv  - ttj,  - (l  - de/da)  y?/U]  and  *v(/r\£  are  of  the  same  order 
of  magnitude  then  the  angular  acceleration  gives  an  approximate  estimate 
of  the  oontrol  surface  incidence.  The  weathercock  frequency  of  the  test 
missile  is  such  that  it  lies  in  this  frequency  region  so  that  the  values 
of  the  control  surface  incidence  will  be  appreciable  in  this  frequency 
region. 

For  frequencies  such  that  u?  » 1 then 


_1_ 

nz 


so  that  the  angular  acceleration  is  proportional  to  Pp  i.e.  the  control 
moment.  Assuming  a constant  moment  arm  we  have  angular  acceleration 
proportional  to  control  surface  lift.  It  is  in  this  high  frequency  region 
that  peak  values  of  control  surface  incidence  and  control  surface  lift 
will  occur  since  the  frequency  of  control  surface  motion  for  » »1  is 
greater  than  the  weathercock  frequency  of  the  missile  and  consequently  the 
oontrol  surface  incidence  is  not  reduced  by  a rotation  of  the  missile  as 
a whole. 

It  follows  that  the  missile  angular  acceleration  may  be  used  as  a 
measure  of  the  control  surface  lift  (or  incidence)  when  this  lift  becomes 
very  large. 

The  similarity  in  the  responses  of  the  control  surface  incidence 
and  the  angular  acceleration  to  a step  in  the  oontrol  surface  deflection 
for  the  test  missile  is  shown  by  the  following  approximate  solutions. 

3 

sin  (lOt  85°) 


and  -151  ■ e_t  sin  (iQt  + 105°) 
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If  the  body-wing  combination  is  not  neutrally  stable  then  the 
oloae  relationship  between  control  surface  incidence  and  angular 
acceleration  breaks  dwn,  This  circumstance  is  discussed  later  in 
Seotion  4.  5. 

4.2  Proposals  for  the  limitation  of  oontrol  surface  lift 

The  main  proposal  is  to  use  an  angular  accelerometer  to  measure 
the  large  control  surf&oe  lifts  and  by  feeding  the  output  of  this 
accelerometer  back  through  a threshold  circuit  and  injecting  it  into  the 
oontrol  surface  demand  signal  so  limit  the  peak  values  of  the  control 
surface  lift.  Figure  26  shows  the  basic  arrangement.  In  effect  this 
is  a twin  loop  arrangement  similar  to  that  used  for  lateral  acceleration 
limiting.  The  threshold  systeijj  is  such  that  if  f > + M then  i - M is 
fedbnok  while  if  f < - M then  i + M is  fedbaok,  where  M defines  the  thres- 
hold level.  There  are  a nisnber  of  parameters  which  determine  the  performance 
of  such  a system  chief  among  which  are  the  threshold  level  (M  deg/aec2)  > 
the  loop  gain  (K  deg  per  dug/seo2  or  sec“*)  and  the  level  to  which  the 
lateral  acceleration  of  the  missile  is  being  limited.  We  are  interested 
however  not  only  in  the  limiting  action  of  such  a system  but  also  in  the 
effect  it  has  on  the  modes  of  motion  of  the  missile. 

In  the  following  sections  the  attenuating  action  and  the  effect  on 
the  modes  of  motion  of  angular  acceleration  feedback  without  any  threshold 
system  is  first  discussed.  The  stability  of  the  system  and  the  limiting 
action  when  the  threshold  is  inserted  ore  then  examined.  Finally  the 
application  of  the  system  under  different  combinations  of  circumstances  is 
investigated. 

In  discussing  the  effects  of  this  form  of  limiting  on  the  performance 
of  missiles  it  is  essential  that  the  m.c-thod  of  obtaining  the  limiting  be 
underlined  since  the  method  by  which  it  is  obtained  determines  to  a large 
degree  the  effect  on  the  performance  of  the  missile.  Thus  we  study  the 
effect  of  "threshold  feedback  of  angular  acceleration"  rather  than  simply 
Judder  lift  limiting". 

4.3  Feedback  of  angular  acceleration 

4.31  The  attenuating  action  of  angular  acceleration^  feedback  on 
control  surface  incidence 


From  equation  (l6)  we  have 

T 3 fp(p) 

and  ^ = fa(p) 

From  Figure  26  we  have  (ignoring  the  threshold  system) 

P2* 

■and  C a ^ 


- 48 


SECRET 


SICRCT 


Report  No.  C.W.15 


Thus 

(65) 


(66) 


If  we  denote  the  values  of  £ and  6_  at  time  t n 0+  by  and  8^ 
then  these  values  in  response  to  a step  in  control  surface  demand 
are  given  by 


6ro 

S2 


«• 

*o  = 

and  y 

z,2 


„ 1 
P ■*  - 1 - K f.W  1 “ Kn» 


(67) 


fa(f)  n5 

1 - K f (p)  " 1 - Kn, 


(68) 


3r  f0(p) 

% " 1 - K fn(P5 

A 

-Kf'^ 


whilst  the  final  steady  state  values  are  given  by 


final  ^ fg(p) 

~T2  " p£o  1 - K f„(p7 

^ ^ 'Jv jj)  ' n<)  (M) 

*xrv 


and 


final  * 


L 

p + 0 


fa(p) 

i "-"K  TJSI a 0 


(70) 


The  initial  peak  values  of  Pr  and  p2*  (at  t ■ 0+)  are  thus  attenuated 
by  a factor  (l  - Khy)  but  the  final  steady  state  values  are  independent 
of  the  feedback. 
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For  example  if  a 10  degree  step  in  ?2  is  considered  then  with  no 
feedback  and  for  n^  = - 200  sec"2  we  have 


Sr0  =>  1°°,  *o  - - 2000%ec2 
while  for  K = 0.2  sec2  we  have 

0ro  = 0.25°.  Q = - 52%ec2 


4.  32  The  effect  of  angular  acceleration  feedback  on  the  weather- 
cock  mode 

The  influence  of  angular  acceleration  feedback  on  the  weather- 
cock motion  of  the  missile  may  be  assessed  by  a study  of  the  appropriate 
weathercock  characteristic  expression. 

In  Sootion  2.3,  equations  (33)  and  (’/*•),  it  i3  shown  that  if  the 
control  equation  is 

V VtrtfVK^  Of. (33) 

then  the  'weathercock  characteristic  expression  is 

% = F2  (1  - fy?  - Kr%)  + p (-yy  -n,  - bn?  - fx^.  + Kx^) 

* UrV  ♦ xrv  ♦ bx5v  + U f *5v  of.  (34) 

We  consider  two  cases:-  Case  (a).  Angular  acceleration  feedback 
only,  i.e,  K /jD,  b = f=0  and  Case  (b)  normal  weatheroook  modifying  feed- 
backs br  and  fR  (see  Section  2.9)  and  an  additional  angular  acceleration 
feedback  K t*.  p 

Case  (a)  Angular  acceleration  feedback  only. 

In  this  case  Qc  becomes  iy  '-•here 

Qk  = p2  (1  - Kn^)  p(-yy  - n,  + Kx^y)  ♦ Ui^  ♦x^  (71 ) 

and  this  may  be  written  in  the  form 

QK  = (1  - K n$)  [p2  + 2 ^ \ P + “fc2  ) (72) 

where  denotes  the  undamped  angular  frequency  and  the  damping  ratio. 

Table  XI  shows  haw  and  u..  vary  with  positive  values  of  K (i.  e. 
negative  feedback  of  angular  acceleration)  for  the  test  missile. 


/TABLE  XI 


- 59  - 


SICMT 


Report  Ko.  G.W.15 


TABLE  XI 


K2 

seoc 

“K 

rad/sec 

“K 

0 

10.0 

0.10 

0.1 

2.1  ; 

0.24 

0.5  - 

0.99 

0.51 

1 

0.70 

0.71 

00 

0 

00 

With  increasing  angular  acceleration  feedback  (K  +VB)  the  weather- 
oock  frequency  therefore  decreases  whilst  the  damping  ratio  increases. 

Case  (b)  Angular  acceleration  feedback  in  addition  to  normal  rate  and 
lateral  acceleration  feedbacks. 

In  this  ease  the  expression  for  above  is  directly  applicable.  We 
consider  the  test  missile.  As  shown  in  Section  2,9  the  v/eatheroock 
characteristics  of  this  missile  may  be  modified  to  give  an  angular  frequency 
of  10  rads/sec  and  a damping  ratio  of  unity  by  angular  velocity  and  lateral 
acceleration  feedbacks  such  that  b » 0,09  sec  and  f » -6.3  10"5  rad  ft”1  ae* 
Consider  now  the  effect  on  this  modified  missile  of  angular  acceleration 
feedback. 

Qc  may  be  written  os 

(l-fy5-Kn5)  [p2+  2 uR1  w^P  + ^1  (73) 

where  is  the  undamped  angular  frequency  and  u^  the  damping  ratio. 

Table  XII  shows  how  and  uj^  vary  with  positive  values  of  K for 
the  test  missile  and  the  above  values  of  b and  f. 

' TABLE  XII 


~~E 

sec2 

rad/s tc 

"Kl 

0 

10.0 

1.0 

0.005 

7.1 

0.74 

0.010 

5.8 

0.70 

0.025 

4.3 

0.51 

0.050 

3.0 

0.45 

0.10 

2.2 

0.44- 

0.25 

1.4 

0.50 

0.50 

1.0 

0. 60 

1.00 

0.71 

0.78 
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Figure  27  shows  in  graphical  form  the  oontents  of  Tables  XI  and 
XII.  For  K = 0,  the  effect  of  the  rate  and  lateral  acceleration  feedbacks 
is  to  increase  the  damping  ratio  to  unity  while  maintaining  an  undamped 
angular  frequency  of  10  rads/sec.  The  addition  of  angular  acceleration 
feedback  has  the  effect  of  destroying  the  synthetic  damping  due  to  the 
rate  feedback.  For  large  values  of  K the  angular  acceleration  feedback 
completely  dominates  the  others  giving  *=  and  u^  t . 

The  operation  of  the  simulator  in  respect  to  the  weathercock  motion 
has  been  checked  by  applying  an  input  a step  in  the  demand  signal  and 
recording  the  response  of  the  test  missile  under  the  conditions  of  Case  (b) 
above.  Sample  records  are  shown  in  Figure  28.  Measurements  of  frequency 
and  damping  from  such  records  give  the  results  of  Figure  29  in  which  a 
comparison  is  made  with  the  theoretical  results  of  Table  XII.  The  agree- 
ment obtained  indicates  that  the  simulator  is  functioning  correctly. 

4.33*  The  effect  of  angular  acceleration  feedback  on  the  weave 
mode  of  a beam  rider 


For  the  "test  beam  rider'1  outlined  in  Section  2.10  the  control 
equation  is 


° G 


1 ♦ P T0 
1 ♦ Np  T0 


(hp-hgVbr  ♦ffip 


of.  (37) 


where  G,  TQ,  N,  b,  f are  constants  and  hg  is  the  radar  beam  position 
relative  to  the  space  datum. 

If  we  jpw  add  to  this  system  a component  of  angular  acceleration 
feedback  (K  i)  then  the  control  equation  becomes 


1 + P To 
* G 1 ♦ N p T0 


(h  vh_)  +br  +fh  +K  + 
F “ P 


(74) 


Negleoting  the  oontrol  surface  servo  delays  we  may  put 

Sj,  =>  5.  . (75) 


This  oontrol  equation  in  conjunction  with  the  aerodynamic  equation 
(l)  gives  the  following  characteristic  equation  for  the  motion  of  the 
beam  rider 


[A*  p^+B1  p^+C’  p^+D'  ♦ E*  p +F] 


0 


(76) 
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where 

A'  = (l-y^f-ngK)  N T0 

E'  = (1  - y^f  -n^K)  + '(-yv  -nr  -bn^  -fx^  + K*5v)  N T0 

C'  = (-yy-^-bn^-fx^, +Kx5v) +(Uny+xrv>bx5v  ♦Ufx^)  N T0 

D'  =U\+Xrv+bV+Ufx^  + GToXr5-Gy« 

E*  =GT0Ux5v+Gxrf 
F'  « G Ux5v 

If  this  equation  is  written  in  the  form 


(p  +«)(p2+  2 ^ ^ P ♦ ^ Kp2  .2  UQ  «0  p +«02  ) 


Ap1 

V 

or 

r 


(77) 


then  the  modes  of  motion  may  be  identified  as  a controlled  (or  weaving) 
mode  with  frequency  “<2/2  * and  damping  ratio  Uq  and  a weathercook-like 
mode  with  frequency  and  damping  ratio  Ug. 


For  the  test  beam  rider  the  control  oonatante  are 

G = 0.746  10-3  rad  ft-1 
TQ  =>  0.91  sec 
N = V20 
b =0.09  seo 

f 3 -6.3  IQ"5  rad  ft”^  sec^ 


Approximate  evaluation  of  « , «c,  u^,,  0^,  u»  for  these  parameters 
and  for  various  values  of  K gives  the  data  of  Table  XIII. 

TABLE  XIII 


K 

seo^ 

a 

seo"1 

rads^sec 

U)Q 

rads/ seo 

“c 

0 

2.92 

18.5 

1.00 

2.24 

0.51 

0.005 

23.7 

.4*47 

0.66 

2.32 

0.62 

0.02 

21.9 

2.98 

0,20 

2.23 

0.83 

0.05 

21.9 

2.46 

-0.07 

1.84 

0.85 

0.10 

21.9 

2.03 

-0.21 

1.61 

0.86 

1.0 

21.9 

1.00 

’ 

-0.43 

1.06 

0.86 



Figure  }0  shows  these  quantities  plotted  against  K.  It  will  be 
noted  that  the  "weatheroook  like"  motion  (ow,u>)  is  very  similar  to  the 
weatheroook  motion  in  the  absence  of  the  main  beam  riding  control  loop 
(o^  .Uj^)  (see  Figure  27)  with  the  exception  that  the  decrease  in  damping 
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with  increasing;  K is  now  such  that  Uy  booomes  negative  for  K > 0.  CH*.  seo^ 
approximately  and  the  system  is  consequently  unstable.  The  weave 
frequency  (°h/2x)  decreases  slightly  and  the  weave  damping  (u-)  increases 
towards  critical  damping  as  K increases.  For  K greater  than  0,02  see2 
the  weave  and  weathercock  like  frequencies  merge  to  the  same  value  so 
that  these  descriptive  terns  for  the  two  modes  have  no  physical  signifi- 
cance for  K >0.02  sec".  As  a ri  suit  of  the  crossover  of  the  damping 
curves  it  will  be  seen,  for  low  values  of  K (i.e.  K < 0.005  sec*),  that 
the  weave  mode  is  donin.-int  but  at  large  values  of  K (i.e.  K > 0.01  sec^) 
it  is  the  weathercock-like  mode  which  is  dominant.  Observation  of  the 
system  will  apparently  show  it  as  a system  with  a constant  frequency 
dominant  mode  whose  d*  imping  decreases  as  K increases.  There  may  however 
be  a region  in  which  both  redes  >ir<-  equally  weighted  and  something  like 
a "beat  effect"  will  occur  bo  tv;* >n  th*  two  modes.  For  this  effect  to 
show  up  K would  have  to  be  large  so  as  to  render  the  two  modes  close  in 
frequency  and  yet  not  so  large  that  one  of  them  is  unstable  or  the  other 
too  heavily  damped. 


Figure  31  gives  a set  of  simulator  results  demonstrating >the  above 
effects.  It  shows,  for  various  values  of  K,  the  responses  in  fL  as  the 
missile  recovers  from  an  initial  lateral  displacement  of  375  ftf  As  K 
increases  these  acceleration  records  show  a dominant  mode  of  motion  with 
decreasing  damping.  For  K in  the  region  0. 03  to  0.  (X  sec^  there  is 
evidence  of  th*'  "beat  effect"  as  the  amplitudes  of  the  peaks  on  the  tran- 
sient recoveries  firstly  increase  and  then  decrease. 


The  frequency  aryl  damping  ratio  of  th<  dominant  mode  as  measured 
from  the  records  of  Figure  J1  or-.-  shown  compared  with  the-  theoretical 
results  on  Figure  30.  As  is  to  b-  expected  the  experimental  points  coin- 
cide with  the  theoretical  rode  of  least  damping. 


Figure  32  shows  th*  cor.plet.  b'-om  riding  response  of  the  missile- 
for  K = 0.021  sec^  and  for  il  Op  lateral  acceleration  limits  (simple  diode 
limiting)  in  response  to  a step  lisplac-m-.nt  of  the  radar  beam. 


Threshold  feedback  of  angular  acceleration 


The  immediately  proceeding  sections  have  indicated  how  the  modes  of 
motion  of  the  missile  are  affected  vrh-n  th-  -ngular  acceleration  feedback 
cones  into  operation.  Ve  have  now  to  study  th-  behaviour  of  the  system 
when  threshold  fe-dbaok  of  angular  acceleration  is  incorporated  i.e.  as 
a system  with  two  zones,  one  i.a  which  there  is  feedback  and  one  in  which 
there  is  no  feedback  of  angular  acceleration. 


The  nonlinear  oontrol  equation  is  of  the  form 


S “ S + br  ♦ f Kr  ♦ Kl  ♦ 


•where  = K,  if  |V|  > M,  (M  being  the  threshold  level) 

K *»  0,  if  I < M 


1*P 


before. 


In  the  beam  riding  applications  5^=0  ■ — (fc  - hg)  as 


If  the  control  surface  servo  lag  is  neglected  5^  « (, 
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4.41  The  limiting  aotion  of  threshold  feedback  of  angular 
acceleration 


It  has  been  shown  in  Section  4.31  that  linear  feedback  of  angular 
acceleration  produces  an  attenuating  aotion  on  the  peak  angular  accelera- 
tion and  control  surface  lifts.  If  the  feedbaok  is  only  applied  when 
the  angular  acceleration  exceeds  a specified  level  then  this  attenuating 
action  becomes  a limiting  action,  the  limit  being  defined  by  the  thres- 
hold level.  The  greater  the  feedback  gain  the  better  the  limiting  action. 

From  Section  4.31  we  have  that  the  attenuating  factor  is  (l  -Kn^). 
If  the  angular  acceleration  threshold  level  is  |m|  °/secz  the  correspond- 
ing level  for  the  control  surface  incidence  (Sj.)  is  l^/njl  degrees.  Thus 
if  an  input  step  control  surface  demand  of  degrees  is  applied  and  if 
> l“/n2i  then  the  threshold  system  is  operated  and  the  peak  values 
of  angular  acceleration  and  control  surface  incidence  (at  t *»  0+)  are 
given  by 


••  , , 'n-  „ , , , 

Peak  ♦ = |m|  +— - i — %<-CZ  - |k|  as  K ■*  00 


Peak  Bp-l-S-f 


II  -Knvl 

hs 

1U-  lK/nJ 


n5i  ll-Kn^l 


(79) 


degrees  ■* 


as  K •*  00  (80) 


Table  XIV  shews  some  typical  results  for 
surface  demand  of  10  degrees  applied  to  the 


a step  input  control 
test  missile. 


TABLE  XIV 


Peak  Pj.  (degrees) 

1 M 

threshold  level  — 
1 nS 

00 

6° 

3° 

1.5° 

K sea2  0.20 

OC 

10 

10 

10 

10 

10 

6.57 

6.13 

6.0 

10 

4.0 
3.18 

3.0 

10 

2.7 

1.72 

1.5 

Figure  32  shows  in  graphical  form  a more  extensive  set  of  results. 
This  figure  also  compares  simulator  results  with  the  theoretical  results 
and  indicates  a good  measure  of  agreement.  Figure  34  illustrates  the 
responses  of  the  test  system  with  threshold  feedbaok.  It  gives  typical 
simulator  reoords  for  the  test  missile  and  the  test  beam  rider. 

4.42  The  integral  of  control  surface  lift 

There  is  some  indication  from  the  simulator  reoords  (e.g.  Figure  34) 
that  when  the  peak  responses  are  limited  then  the  width  of  the  peak 
increases  so  that  the  integral  of  the  peak  tends  to  remain  constant. 
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This  has  been  checked  on  the  simulator  by  directly  recording  the  integrals 
and  the  results  of  Table  XV  were  obtained  for  n feedback  gain  of  K ■ 0,1*.18 
,2 


SeC‘ 


TABLE  XV 


Threshold  Level 

Angular 

Control  Surface 

Integral  of  Angular 

Integral  of  Control 

Acceleration 

Incidence 

Acceleration 

Surface  Incidence 

%ec? 

IXgr. 1 s 

(Arbitrary  Units) 

(Arbitrary  Units) 

150 

0.75 

8 

' 8 

300 

1.5 

10 

10 

6oo 

3 

13 

13.5 

900 

4.5 

14.5 

15  : 

12V 

Cj 

15 

' 14.5 

2 >00  or  * 

1 ? or 

— 

17 

16. 5 

These  ri  3ults  ir.dicat  th  't  th-  integrals  are  only  approximately 
constant  when  the  limiting-  is  not  3' vere. 

L.43*  The  limiting  action  of  threshold  feedback  of  angular 
•■CC'  l - ration  (T-W-v!  riding  example) 

The  limiting  action  which  tak<  s rlaci  when  a step  of  control  surface 
demand  is  applied  has  b-  cn  discuss-  d.  Th.  same  limiting  action  occurs 
when  the  input  i3  a mcr  eorm  lie-. tod  function  as  is  shown  by  the  following 
example  for  th(  cns<  of  th-  t«  st  beam  rider. 

Simulator  responses  for  th-  t-  st  boom  rider  were  obtained  for 
various  v-Juos  of  angul  x acceleration  feedback  gain  (K)  and  threshold 
level  (M).  In  e ach  c- s tlurc-  w- rc  no  lateral  acceleration  limits  and  the 
initial  disturbance  was  a 375  ft  step  displacement  of  the-  radar  beam. 

The  large  step  of  375  ft  was  chosen  so  that  a pronounced  limiting  action 
was  obtained.  Samples  of  thes-  responses  arc  given  in  Figure  34.  From 
such  responses  th-.  peak  values  of  angular  acceleration  and  control  surface 
incidence  were  obtained  and  th- se  are  as  shown  in  Figure  35.  The  overall 
behaviour  of  the  beam  rider  is  very  little  affected  over  the  range  of  K 
variations  Btudied  (provided  the  threshold  level  is  not  too  low)  but  the 
peak  values  of  angular  acceleration  and  control  surface  incidence  are 
more  and  more  efficiently  limited  as  K increases. 

4.44*  The  stability  of  the  test  beam  rider  with  threshold  feed- 
back of  angular  acceleration  and  with  lateral  acceleration 
limits 

The  r.on-linear  control  equation  for  threshold  feedback  of  angular 
acceleration  is  given  by  equation  (78).  The  system  has  however,  in  general, 
a further  major  non-linearity  in  that  the  lateral  acceleration  of  the 
missile  is  limited  to  a opacified  value.  It  is  sufficient,  for  the 
purpose  of  an  initial  study  of  threshold  feedback  of  angular  accelera- 
tion, to  assume  that  the  lateral  acceleration  limitation  is  obtained 
singly  by  limiting  the  input  oontrol  surface  demand  signal  (^»). 

i.e.  where  Sji  sets  the  lateral  acceleration  limit  (81) 

This  assumption  can  be  mc^lo  since  the  initial  studies  are  confined  to  a 
missile  operating  at  a fixed  altitude,  velocity  eto.  The  use  of  feedback 
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types  of  limiting  for  both  total  lift  and  control  surfaoe  lift  is 
considered  in  a later  section  of  the  report. 

The  stability  of  such  a system  is  of  interest.  This  can  only  be 
determined  in  association  with  a particular  form  of  guidance.  The  test 
beam  rider  is  used  as  an  example. 

When  the  threshold  level  (M)  is  set  at  zero  then  in  Section  4.33  it 
has  been  shown  that  the  system  becomes  unstable  when  K is  greater  than 
approximately  0.04  sec^.  In  the  presence  of  a non-zero  threshold  level 
the  gain  (K)  at  which  instability  sets  in  is  increased  and  as  a consequence 
the  use  of  higher  gains  leads  to  more  effective  limiting  action.  The 
onset  of  instability  is  also  influenced  by  the  presence  of  the  lateral 
acceleration  limits.  In  a very  non-linear  system  of  this  type  it  is  not 
possible  to  readily  define  the  stability  conditions  but  some  idea  can  be 
obtained  by  exciting  the  system  with  a large  initial  displacement  (say 
300  ft)  and  plotting  the  v.alues  of  feedback  gain  (K),  threshold  level  (ll) 
and  lateral  acceleration  limits  (L)  at  which  instability  starts.  Such  a 
plot  is  given  in  Figure  J,6  which  shows  rapidly  increasing  stability  with 
increasing  threshold  level.  An  increase  in  the  ratio  of  the  exciting 
step  displacement  to  the  threshold  lev<-*l  will  give  a decrease  in  the 
stability  range  but  since  the  step  displacement  used  in  the  test  (300  ft) 
was  very  much  greater  than  any  likely  beam  motion  that  will  occur  in 
practice  the  results  of  Figure  35  should  not  be  optimistio. 

The  general  indications  are  that  if  the  threshold  level  (M)  is  in 
excess  of  100°/sec2  and  the  lateral  acceleration  limits  (L)  are  of  the 
order  of  5 to  2Cg  then  feedback  gains  of  the  order  of  K = 0. 1 Bec^  may  be 
used  without  rendering  the  system  unstable. 

4,45*  The  .jitter  response  of  the  test  beam  rider  with  threshold  Feed- 
5ack  of  angular  acceleration  and  with  lateral  acceleration  limits 

A major  disturbing  influence  on  the  performance  of  any  beam  riding 
system  is  the  jitter  component  of  the  guidance  information.  The  general 
properties  of  and  a method  of  simulating  this  jitter,  for  a typical  radar 
system  (the  901  radar  set)  have  boon  given  elsewhere^  A*'. 

The  same  method  of  simulation  ha3  been  applied  in  this  case  under 
similar  conditions  to  determine  the  effects  of  threshold  feedback  of 
angular  acceleration  on  a system  subjected  to  jitter  signals.  The  test 
missile  is  operating  at  high  altitude.  If  the  range  from  radar  set  to 
target  is  assumed  to  be  of  the  order  of  30,000  yds  then  the  jitter,  as 
defined  in  Ref.  2,  is  approximately  scaled  at  60  ft  r.m.s.  beam  motion. 

Figure  37  (a)  gives  a typical  set  of  jitter  results  showing  the 
responses  of  the  test  missile  to  a jittering  beam  when  lOg  lateral 
acceleration  limits  are  in  operation  but  there  is  no  angular  acceleration 
feedback. 

Figure  37  (b)  shows  the  same  system  but  with  threshold  feedback  of 
angular  acceleration  (K  » 0,042  sec*,  y * 600°/sec*). 

Comparison  of  these  diagrams  shows  that  the  addition  of  the  thres- 
hold feedback  of  angular  acceleration  produces  a limiting  action  on  the 
angular  acceleration  (?)  and  on  the  control  surface  incidence  (ft).  In 
addition  to  this  limiting  action  there  is  a filtering  action  on  the  high 
frequency  components  of  the  control  surface  motion  but  the  consequent 
smoothing  of  the  missile  response  is  small  as  is  shown  by  the  lateral 
acceleration  records  and  the  lateral  displacement  of  the  missile  is  virtu- 
ally unaffeoted  by  the  feedback. 
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As  1 result  of  th»-  loss  of  dnmping  in  the  weathercock-like  mode  of 
motion  when  the  'ingulor  acceleration  fapdbaok  comes  into  operation  (see 
Section  k. ^2)  the  lateral  acceleration  limiting  is  slightly  less  effec- 
tive and  acceleration  overshoots  of  the  order  of  a few  percent  beyond  the 
desired  limit  occur. 

A considerable  number  cf  such  jitter  runs  have  been  made  on  the 
simulator  under  different  conditions  of  th'-  threshold  feedback  of  angular 
acceleration.  In  all  case  3 the  lateral  displacement  of  the  missile  was 
affected  only  to  n negligible  extent  and  in  effect  the  only  penalty  paid 
for  limiting  the  control  surface  lift  in  this  way  is  a slight  overshooting 
beyond  the  laterrel  accel< ration  limits  which  starts  to  appear  when  the 
control  surface  incid< nee  is  limited  to  less  than  two  degrees. 

A. 46*  The  effect  of  threshold  feedback  of  angular  acceleration  on 
the  accuracy  of  attack  of  a beam  rider 

It  is  important  that  the  influence  of  the  proposed  method  of  limit- 
ing the  control  surface  lift  on  the  accuracy  of  attack  of  a beam  rider  be 
determined. 

A previous  report ^ ^ ^ has  studied  the  accuracy  of  attack  of  a beam 
rider  of  the  typo  used  as  th  t-st  c-Sf  h-Tc.  The  most  stringent  cases 
treated  were  attacks  on  acc  derating  targets  at  extreme  range  and  in  the 
presence  of  radar  b.--\m  jitter  and  lateral  '>ca»  leration  limits.  A number 
of  the  test  runs  of  this  pr* vious_ report  hav-  been  repeated  with  threshold 
feedback  of  angular  aoc el •ration  in  or '-ration  in  order  to  determine  the 
influence  of  this  feedback  on  the  miss  distances. 

A set  of  150  records  of  missile  disrl^joment  (h  ) , lateral  accelera- 
tion (5v) , control  surface  incidence  (ir)  and  angular'5 acceleration  (♦) 
obtained  for  the  following  set  cf  jarameters:- 

Lateral  acceleration  limit  (l)  = ICg.  This  acceleration  limit  was 
imposed  by  a simple  diode  limiter.  The  combined  use  of  feedback  limiting 
for  both  lateral  acceleration  .and  angular  acceleration  is  considered  in 
a later  section. 


Target  accelerations  = 0,  ijg,  fog 

Angular  acceleration  feedback  gain  (K)  a 0.021,  0.01*2  , 0.209  sec2 

Angular  acceleration  threshold  (K)  = 300,  600,  00  °/sec2 

Hie  general  conclusion  drawn  from  these  records  are  that  the  angular 
acceleration  feedbacks  have  negligible  effect  (for  this  range  of  para- 
meters) on  the  mean  miss  distance  find  on  the  R.M.S,  scatter  about  this 
mean.  Apart  from  very  occasional  peaks  of  lateral  acceleration  which  over- 
shoot the  lOg  limits  by  about  2Q#  during  attacks  on  the  6g  targets  the 
acceleration  remained  reasonably  bounded  at  f10g. 

Calculation  of  the  acceleration  lag  of  the  complete  system  shows  it 
to  be  independent  of  K and  since  the  miss  distanoe  on  an  accelerating 
target  is  mainly  influenced  by  the  "effective  acceleration  lag"  (defined 
as  the  acceleration  lag  plus  the  lag  introduced  by  non-linear  effects 
such  as  rectification  of  noise  by  the  lateral  acceleration  limiting  system) 
it  is  to  be  expected  that  K would,  even  in  the  presence  of  non-linearities, 
have  little  influence  on  the  miss  distance. 

The  peak  values  of  the  angular  acceleration  occurring  in  each  of  the 
test  runs  were  obtained  and  are  as  plotted  in  Figure  38.  These  results 
are  in  good  agreement  with  the  theoretical  peak  values  given  by 
equation  (79). 
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U.k7  The  cffeots  of  time  lags 

It  is  important  that  some  estimate  be  formed  of  the  quality  of  the 
angular  accelerometer  required  for  control  surface  lift  limiting.  Non- 
linearity in  the  instrument  is  not  important  as  we  are  oriticallv  interes- 
ted in  only  one  value  (that  corresponding  to  the  threshold  level;  but  the 
effects  of  time  lags  in  the  instrument  are  very  important  as  is  shown  by 
the  following  discussion. 


Consider  the  dosed  loop  system  of  Figure  39(a)  which  shows  a 
missile,  a control  surface  servo  with  time  lag  Tx  seconds  and  an  angular 
aocelerometer  feedback  loop  with  time  lag  Ta  seconds.  For  this  system 
we  have 


$ 


Vgf 

1+FTr 


^f 


-K 

1 + p T, 


P2*  ! 


P2<-  = f,(p)  5 


cf.  eqns.  (16)  and  (2) 


(82) 


which  leads  to  the  transfer  function 


('**'.»  r.W 


If  the  value  of  i at  time  t = C+  is  defined  as  ♦ then  the  above  expression 
enables  t0  to  be  determined  in  response  to  a step  input  of  for  various 
combinations  of  K,  Ta  and  Tx, 

If  K = Ta  = Tx  a 0 (i.e.  direct  missile  response),  V0  «=  ^ and  this 

value  is  also  the  peak  value  of  t in  response  to  the  step^input  of  5^. 

If  K * 0,  Ta  = Tx  b 0,  then  f0  = and  the  immediate  and  peak 

M ^ . 

value  of  + is  attenuated  by  a factor  (1  - Kn^)  as  described  in  Section  if.  31. 

If  K * 0,  Ta  * 0,  Tx  = 0 then  ?0  = n,  that  is  there  is  no  attenuating 
action  on  the  immediate  and  peak  value  of  'i  . 

From  these  oases  it  is  clear  that  an  instrument  lag  (T_)  in  the 
absence  of  a control  surface  actuator  lag  (Tx)  renders  the  limiting  system 
ineffective  for  the  immediate  and  peak  response  of  ¥ to  a step  in 

If  however  Tx  * 0 then  = 0 and  is  not  the  peak  value  of  ♦ in 
response  to  the  step  input  of 

Figure  39(b)  indicates  the  nature  cf  the  response  in.  i to  the  step 
in 


An  estimate  of  the  oombined  effects  of  Ta  and  Tx  may  be  obtained 
if  the  aerodynamic  response  of  the  missile  is  simplified  to  prf  «•  n^  5. 
This  gives  the  high  frequency  response  of  the  missile  only. 
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The  system  is  now  such  that 

S = (Sj-SpO  -e"t/Tx)  (84) 

and 

?d  (l  -e-t/Ta)  • (85) 

giving 


_Z (l  -e"t/Tx) 

“ 1 -Kh^  (1  -...-VTxXl-e-VTn) 


(86) 


£ 

If  /tfl  shows  an  nt-preoinble  overshoot  beyond  its  final  steady 
state  value  this  will  be  indicative  of  an  overshoot  beyond  the  desired 
limit  on  the  response  obtained  when  the  full  aerodynamics  are  considered. 

Consider  an  expression  of  the  form 


1 ,e~VTx 
1 ♦ X (i  - e‘  PVTx) 


(87) 


This  v/ill  give  .an  overshoot  beyond  its  final  steady  state  value 

Vl+X  if 


1-e-VTx  _ j 
1 + X (1  -a"  PVTx)  i * X 


is  satisfied  by  a finite  value  of  t. 

This  relationship  may  be  written  as 


e(p_l)VTx 


X 

= m 


and  this  is  satisfied  by  a finite  value  of  t if  p < 1 so  that  overshooting 
oan  only  occur  if  p < 1. 

Figure  40  gives  y as  a function  of  Vtx  for  various  values  of  X and  p. 

The  egression  for  may  be  approximated  by  the  expression  y where 
pel  if  Tft  < Tx  and  p < 1 if  Ta  > T,  and  X *»  -Kn^  . Appreciable  over- 
shooting will  only  oocur  therefore  if  Ta  > Tx, 
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Thus  as  a first  estimate  of  the  effeots  of  the  time  oonstants  on 
the  control  surface  lift  limiting  process  it  is  to  be  expected  that  the 
system  will  in  fact  limit  the  control  surfaoe  lift  unless  Ta  is  comparable 
with  or  greater  than  Tx.  This  has  beert  verified  on  the  simulator.  With 
a 50  millisec  lag  in  the  control  surfaoe  3ervo  the  limiting  process  func- 
tions oorreotly  for  angular  accelerometer  time  lags  ip  to  10  millisees 
but  for  angular  aooelerometer  time  lags  of  20  milliseos  or  more  the  limit- 
ing prooess  becomes  rapidly  ineffective. 

This  time  lag  restriction  is  probably  the  severest  restriction  in 
the  application  of  the  limiting  method.  It  may  be  neoessary  to  deliberately 
lag  the  input  commands  if  the  instrument  lag  is  oemparable  with  the  control 
surface  servo  lag. 

k.  5 Control  surf;ice  lift  limiting  with  non-neutrally  stable  body-wing 

combinations 

We  have  now  to  study  the  operation  of  the  control  surfaoe  lift  limit- 
ing system  under  non-ideal  conditions,  such  that  the  basic  assumption  of 
a neutrally  stable  body-wing  combination  may  not  be  valid,  with  a view  to 
determining  what  departures  from  ideal  oonditions  are  tolerable. 

As  discussed  in  Section  2.7  departures  from  the  neutral  stability 
(or  design)  condition  are  most  likely  to  arise  from  centre  of  gravity  shifts 
due  to  fuel  consumption  and  for  the  purpose  of  the  present  investigation 
we  can  regard  centre  of  gravity  shifts  as  resulting  in  ohanges  in  Ny  with 
no  corresponding  changes  in  . If  the  centre  Of  gravity  shift  is  H ft 
then  the  new  value  of  Ny,  denoted  by  is  given  by 

N;  = \ - Yv  K - Cf . eqn.  (20) 

The  effects  of  chnnges  in  H on  tile  weathercock  frequency  and  damping  , 
the  aerodynamic  stiffness  and  the  steady  state  oontrol  surface  lifts  have 
been  discussed  in  Section  2.7. 

We  now  proceed  to  study  the  proposed  method  of  obtaining  oontrol 
surface  lift  limitation  by  threshold  feedback  of  angular  acceleration  for 
a range  of  possible  values  of  H,  i.e.  for  a certain  range  of  departure 
from  the  neutral  stability  condition. 

There  are  really  two  cases  to  consider  corresponding  to  major 
differences  in  the  method  of  limiting  the  lateral  acceleration  of  the 
missile.  Case  A considers  the  control  surface  lift  limiting  method  as  it 
is  applied  to  a missile  in  which  the  oontrol  surface  demand  signals  are 
limited  to  a constant  level  and  as  a consequence  the  limiting  acceleration 
is  a function  of  h and  other  aerodynamic  parameters.  Case  B considers 
the  oontrol  surface  lift  limiting  method  as  it  is  applied  to  a missile  in 
which  the  lateral  acceleration  is  limited  to  a fixed  value  independently 
of  the  value  of  H and  other  aerodynamic  parameters  as  for  example  by  the 
vise  of  the  monitored  diode  system  of  limiting  described  earlier. 

Case  A 

Consider  the  test  missile  with  a nominal  ±10g  lateral  acceleration 
limit.  The  oontrol  surface  demand  signal  limit  is  determined  from  the 
design  oondltion  corresponding  to  H a 0.  . Table  III  shows  the  aerodynamic 
stiffness  for  H a 0 to  be  -1.21g/degree  so  that  for  ±10g  limits  the  dohtrol 
surfaoe  demand  signal  has  to  be  limited  to  ±8.25  degrees.  (When  H deviates 
from  zero  Table  III  indioates  how  the  limiting  acceleration  varies  with  H, 
being  5.8g  for  H»  ♦?  inches  and  21  g for  H a -9  inches.). 
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The  most  stringent  test  we  oan  apply  to  the  oontrol  surface  lift 
limiting  system  is  to  initiate  a demand  signal  such  that  the  oontrol 
surface  moves  rapidly  from  one  stop  to  the  other  (a  step  of  16.5  degrees). 
A convenient  way  of  discussing  the  various  oondltiona  under  which  the 
stop-to-stop  motion  may  be  applied  is  to  oonsider  the  oontrol  surface  as 
moving  in  square  wave  fashion  from  stop-to-stop.  Figure  4-1  shows  the 
nature  (as  indicated  by  the  simulator)  of  the  control  surface  incidences 
developed  in  response  to  such  a oontrol  surface  motion.  Each  step  in 
oontrol  surface  angle  produces  an  immediate  change  of  1 6. 5 degrees  in 
the  control  surfaoe  incidence  and  then,  as  the  missile  responds  to  the 
oontrol  surface  lift  developed  the  oontrol  surface  incidence  changes 
until  the  new  steady  state  condition  is  obtained.  If  the  body-wing 
combination  is  neutrally  stnble  then  H » 0,  Case  (b)  of  Figure  41 , and  the 
steady  state  control  surface  incidence  is  always  zero  so  that  the  oontrol 
surface  incidences  in  response  to  the  step  motions  consist  of  a series  of 
"impulsive-like"  responses  - an  instantaneous  change  of  ±16.5  degrees 
followed  by  a decay  to  zero  (assuming  the  weatheroook  motion  to  be  critic- 
ally damped.).  If  H * 0,  Cases  (a)  and  (o)  of  Figure  41 , then  the  steady 
state  oontrol  surface  incidences  is  not  zero,  being  positive  or  negative, 
for  a positive  control  surface  angle,  according  to  whether  H is  > 0 or 
< 0,  i.e.  according  to  whether  the  body-wing  combination  has  positive  or 
negative  stability. 

Let  the  value  of  the  control  surface  incidence  (P  ) at  the  instant 
inmediately  following  a control  surface  angle  step  be  Pj|.»  In  Cases  (a) 
and  (b)  of  Figure  41  P£  is  the  peak  value  of  3r»  In  Case  (o)  the  peak 
value  of  2^  is  either  3J.  or  the  steady  state  value  of  Pj.  according  to 
whichever  is  the  greater  of  these  two. 

If  the  missile  is  originally  flying  straight  and  level  when  the 
control  surface  motion  is  commenced  ar.d  the  frequency  of  the  square  wave 
motion  is  high,  so  that  the  missile  as  a whole  cannot  respond  to  the 
oontrol  surface  motion,  then  Pj.  a ? ar.d  in  particular  the  peak  value  of 
Pp  = peak  v:due  of  4 = 8.25  degrees. 

Reference  to  th«  diagrams  of  Figure  41  shows  that  in  general 
Jp^|  <=  | lvalue  3r  has  attained  from  past  mction|  ±16.5°|  (88) 

where  the  +ve  sign  is  taken  if  H < 0 and  the  -ve  sign  if  H > 0. 

If  the  frequency  of  the  square-wava  motion  of  the  oontrol  surfaoe 
is  slow  enough  the  oontrol  surface  incidence  reaches  a steady  state  after 
each  step  of  the  square  wave.  Under  these  conditions  equation  (88) 
beoomes 

| Pi,  | *=  | |Steady  state  value  of  Pj.  corresponding  to  8.25°  oontrol  surfaoe 
deflection | ± 16.5°|  (89) 

where  the  +V,J  sign  is  taken  if  H < 0 and  the  -ve  sign  if  H > 0. 

We  denote  the  magnitude  of  the  control  surfaoe  square  wave  notion 
by  i 5^  (a  ±8. 25°  for  the  test  missile.). 

Figure  42  shows  as  functions  of  H the  steady  state  values  of  oontrol 
surface  incidence  for  i (Curves  (a)  and  (a^)).  Also  shown  in 
this  figure  are  the  peak  values  of  oontrol  surface  incidence  incurred  in 
moving  from  one  of  these  steady  states  to  the  other  (Curves  (b)  and  (bj ) ) • 
The  peak  value  curves  are  displaced  by  2£t  unite  from  the  corresponding 
steady  state  curves , For  example  if  H < 0 and  the  missile  is  in  the 
steady  condition  for  which  Sr  «•  Aa  then  when  the  oontrol  surfaoe  moves  to 
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the  other  stop,  a step  of  2^  units,  Bp  increases  to  the  value  and 
then  tends  to  the  steady  state  value  Aaj.  The  same  argument  applies 
for  H » 0 or  H >0,  the  points  A„  Aa^  simply  moving  to  new  positions 
on  their  respective  ourves  (a),  (b)  and  (slj).  Considered  as  functions  of 
time  the  motions  An  to  Bv  to  A^  generate  the  ourves  given  in  Figure  41 
as  Cases  (a),  (b)  and  (a)  for  H < 0,  = 0,  >0. 

All  that  oan  be  aohievcd  in  the  way  of  limiting  the  control  surface 
inoidenoe  by  the  feedback  process  described  earlier  is  a limitation  of  the 
"impulsive-like"  part  of  the  control  surface  incidence  response.  That  is, 
all  that  can  be  achieved  is  a reduction  in  the  spacing  between  curves 

(a)  and  (b)  and  between  (a.j)  and  (b^)  or  in  words  in  attenuation  of  the 
"immediate  response"  of  the  control  surface  to  input  demand  signals. 
Complete  suppression  of  the  "impulsive-like"  cart  of  the  response  would 
merge  curve  (a)  with  curve  (b)  and  (a-j)  with  ^b^). 

Since  the  curves  are  symmetrical  about  the  H-axis  the  numerical 
values  of  the  peak  values  of  control  surface  incidence  are  given  by  the 
loci  of  the  points  Pfc  and  Aai  assuming  the  control  surface  incidence  to 
be  positive  and  taking  the  peak  value  as  being  given  by  the  locus  of  Bb  if 
*b  > Aa1  or  the  locus  of  Aai  if  Bj.  < Aa1.  Interpreted  in  this  way  the 
the  curves  C^D^,  and  D^al  Figure  42  define  the  peak  values  of  control 
surface  incidence  as  functions  of  H. 

Limitation  of  the "impulsive-like"  part  of  the  response  makes  curve 

(b)  tend  to  ourve  (a)  (see  Figure  4-1).  For  various  degrees  of  limiting 
a family  of  curves  CD  exist; 

Such  a family  of  curves  is  shown  in  Figure  43(a).  Depending  on 
the  degree  cf  limiting  the  curves  CD  and  DE  or  C^D-j  and  D-^E  or  C2D2  and 
D2E  define  the  peak  value  of  the  control  surface  incidence.  This  diagram 
enables  that  departure  from  neutral  stability  of  the  body-wing  combina- 
tion which  renders  the  limiting  system  ineffective  to  be  determined. 
Clearly  if  the  limitation  of  the  "imrulsive-like"  part  of  the  (^.-response 
is  only  just  adequate  under  the  design  conditions  of  neutral  body-wing 
stability  then  it  will  be  inadequate  for  values  of  H < 0 since  the  CD, 

C-flXi , C2D2  •••  family  of  curves  give  increasing  peak  values  of  Bj.  for  H 
increasing  negatively.  If  H increases  positively  then  the  limitation  of 
Br  will  be  adequate  until  the  point  D^ , D2,  Dj  ...  is  reached.  Urns  if 
the  system  is  to  give  adequate  limitation  over  a range  of  H the  limiting 
has  to  be  more  than  adequate  under  the  design  conditions.  Suppose  the 
"impulsive-like"  part  of  Br  to  be  reduced  by  feedback  to  P giving  the 
peak  locus  CpDp,  DpE  of  Figure  43(b).  If  the  tolerable  peak  Br  is  P^ 

(P^  > P)  then  the  tolerable  variations  in  H are  given  by 

Hq  < H < Hg  (90) 

where  Hj,  and  H-  are  the  values  of  H for  whieh  the  ordinates  on  C-Dl  and 
DpE  are  equal  to  P. 

Figure  44  shows  for  the  test  missile  the  dimensional  diagram  corres- 
ponding to  the  general  diagram  of  Figure  43(b).  This  diagram  indicates 
that  large  positive  values  of  H are  tolerable.  For  example  if  the  "impul- 
sive-like" part  of  the  (L  response  is  reduced  from  ±16.5  degrees  to  12 
degrees  (very  tight  limiting)  then  the  positive  H limit,  namely  Hw,  is 
6 inches.  For  a limitation  to  14  degrees,  Hv  is  greater  than  12  inches. 

A more  severe  limitation  exists  for  the  negative  range  of  H.  Table  XPI 
indicates  how,  for  a maximum  tolerable  3r  of  110  degrees,  the  negative  H 
limit,  namely  H_,  varies  with  the  attenuation  applied  to  the  "impulsive- 
like"  part  of  the  Br  response. 
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TABLE  XVI 


H inches 

-3 

-6 

-9 

-12 

Attenuation  ratio  of  "impulsive- 
likc"  part  of  Gy.  response 

D 

0. 52 

0.39 

0.21 

0 

Case  B 


Consider  the  test  missile  with  a lateral  acceleration  limit  of  ±1  Og 
which  functions  independently  of  the  value  of  H.  We  may  for  present  pur- 
poses imagine  this  as  being  achieved  by  limits  on  the  control  surface 
demand  signal  which  vary  in  the  appropriate  manner  as  H varies  so  that 
the  limiting  acceleration  is  •Q.v/ays  il  Og. 

Table  XVII  indicates  how,  for  the  test  missile,  the  limits  on  the 
control  surface  demand  sign'd  would  have  to  vary  with  H in. order  to 
maintain  an  acceleration  lir.it  of  tlOp  for  all  values  of  H.  Also  shown 
are  the  steady  state1  values  of  control  surface  incidence  corresponding 
to  lOg  lateral  acceleration. 


TAiid  xvit 


H (inch's) 

+5 

4-n 

+3 

0 

-3 

-9 

Limits  on  control  surface- 
demand  signal  (Dcgr"_3) 

V..3 

12.2 

10,0 

9.25 

6.67 

5.20 

3.92 

1 

\ Steady  state  control 
surface  incidence 
corresponding  to  lateral 
acceleration  of  10g 
(degrees) 

L.5 

2.P9 

1.36 

0.625 

-1.09 

-2.12 

. 

-3.08 

Assumption  of  the  values  given  in  the  above  tabic  does  not  quite 
fit  in  ’with  the  lateral  acceleration  limiting  system  described  earlier 
(in  Section  3.5)  as  giving  ilOg  irrespective  of  the  value  of  H since  in 
this  system  the  control  surface  demand  signal  is  only  so  limited  when 
the  acceleration  is  at  or  near  ilOg  and  may  be  greater  than  the  value 
given  in  the  .above  table  when  the  acceleration  is  less  than  the  limiting 
value.  There  are  however  further  stops  imposed  on  the  control  surface 
motion  due  to  the  limited  oontrol  surface  traverse.  If  we  denote  the 
maximum  control  surface  traverse  angle  by  8 and  the  limiting  angle  for 
lOg  by  $ then  the  peak  value  of  control  surface  incidence  is  given  by 

| Beak  3r|  = | |Steody  state  value  of  Gj.  corresponding  to  10g|  i | 6+$|  | 

(91) 

where  the  +ve  sign  is  used  if  H < 0 Rnd  the  -ve  sign  is  used  if  H > 0. 


How  8 is  such  that  8 > where  is  the  largest  value  of  4> 
to  be  expected,  i.e.  the  $ corresponding  to  the  largest  positive  value 
of  H to  be  expected.  Suppose  we  put  8 *•  then 


| Peak  Gr)  o 1 |steady  state  value  of  Gr  corresponding  to  lOgj  ± ♦ ^naxll 

(92) 
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For  the  tent  missile  we  assume  the  largest  positive  value  of  H to 
he  +6  inches,  giving  = 1?,2  degrees  from  Table  III.  Equation (92) 
then  gives,  for  example , using  the  data  of  Table  XVII. 

H b +3  inches  | Peak  Sr|  e | 1.3R  - (lO+12.2)|  * 20.82  degrees  (93) 

H e -3  inches  | Peak  3rl  =>  | 1.09  + (6.6?  + 12.2)  | = 19.96  degrees  (94) 

Figure  4r  shave . for  the  test  missile,  hew  the  peak  control  surface 
incidenoe,  calculated  as  above,  varies  as  a function  of  H for  various 
degrees  of  limiting  of  the  "impulsivc-like"  part  of  the  Sj.  response  (i.e. 
attenuation  of  the  0 + 0^,  terms  in  equation  (92), 

Comparison  of  Figures  44  -nd  45  for  the  Coses  (A)  and  (B)  3hows 
that  in  Case  (b)  the  tolerable  range  in  H is  more  evenly  distributed  about 
H = 0.  The  differences  between  the  t.vo  cases  is  unlikely  to  be  important 
as  far  as  the  control  surface  lift  limiting  is  oonccrned  since  over  the 
range  -9"  < H < +9”  the  difference  between  the  two  cases  is  small  and  it 
is  considered  unlikely  that  H will  vary  by  more  than  this  amount. 

4.6  Conclusions  on  control  surface  lift  limiting 

For  a missile  of  oonv. ntior/C  design  with  a neutrally  stable  body- 
wing cor.binoticn  th*  r cults  of  Sections  4.1  to  4.4  indicate  that  the 
proposed  method  of  limiting  the  peak  control  surface  lifts  can  be  success- 
fully applied  provided  certain  instrumentation  difficulties  can  be  over- 
come. 


The  major  difficulty  in  applying  the  method  would  seem  to  lie  in 
the  development  of  an  angular  accelerometer  whose  time  constant  is  les3 
than  the  time  constant  of  the  control  surface  servo-mechanism.  If  a 
sufficiently  fast  angular  aece leronv  ter  cannot  be  developed  then  for  the 
method  to  apply  the  control  surf;  ce  s>  rvo  time  constant  -would  have  to  be 
increased  with  possible  complications  in  the  overall  control  problem. 

Neglecting  the  accelerometer  time  constant  then  the  results 
indicate  that,  for  the  t'St  missile  assumed  and  for  the  associated  test 
beam  rider,  the  peak  control  surface  lifts  Can  be  reduced  to  at  least  one- 
third  of  their  present  values  without  an  appreciable  loss  in  general 
performance  of  the  missil*'. 

The  departure  from  the  neutral  stability  condition  -which  can  be 
tolerated  before  the  method  breaks  down  has  been  evaluated  in  terms  of 
the  range  of  centre— of-gravity  positions  (i.e.  static  margins)  over  which 
limiting  can  be  successfully  applied.  This  range  is  such  that  it  should 
adequately  cover  static  margin  changes  due  to  fuel  oomsumption.  For 
example  static  margin  ch-mges  of  ±9  inches  are  tolerable  in  the  test 
missile. 

In  the  Appendices  to  the  report  the  fact  that  control  surface  limit- 
ing can  be  applied  is  used  to  indicate  how  a more  efficient  control 
surface  system  may  be  designed. 

5 Combined  Total  Lift  and  Control  Surface  Lift  Limiting 

In  Section  3 a method  of  limiting  the  total  lift  on  the  missile 
and  in  Section  4 a method  of  limiting  the  oontrol  surface  lift  have  been 
discussed.  There  now  remains  the  problem  of  combining  the  two  limiting 
processes  in  the  some  missile. 
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5.1  Application  to  the  test  missile 

We  consider  first  the  test  missile  with  a total  lift  limit  of  ±10g 
imposed  by  the  monitored  diode  system  of  limiting  and  observe  the  perfor- 
mance of  the  missile  as  the  oontrol  ourfaoe  lift  is  more  and  more  strin- 
gently limited.  This  problem  h;is  been  studied  on  the  simulator  in  terms 
of  the  responses  of  the  missile  to  step  demands  for  oontrol  surface  deflec- 
tions. The  conditions  of  the  tests  were  such  that  the  angular  acceleration 
threshold  level  (if)  was  }OCP/sco*  and  the  feedback  gain  (K)  was  increased 
from  zero  to  0.418  seo*.  Two  input  demand  signals  for  oontrol  surface 
deflections  were  used,  the  first  a step  demand  for  10°  deflection  and  the 
second  a step  demand  for  20°  deflection.  With  increasing  feedback  gain 
(K)  the  "impulsive-like"  control  surface  incidence  is  therefore  progress- 
ively reduced  from  10°  to  1.5°  for  the  10°  input  step  and  from  20°  to 
1.5°  for  the  20°  input  step. 

Figure  1+6  shows  the  responses  of  the  test  missile  when  the  input 
step  dem;md  is  for  10°.  As  K is  increased  the  peak  oontrol  surface  lift 
is  limited  as  described  in  Scotion  4.4  and  thi3  is  indicated  on  Ftaure  46 
by  the  reduction  in  the  peak  values  of  the  angular  acceleration  ( and  by 
the  reduction  in  the  y^-kick  on  the  lateral  acceleration  (h  ) records. 
However,  as  K increases,  overshooting  beyond  the  desired  limits  occurs  to 
an  increasing  extent  in  both  the  total  acceleration  (h  ) and  wing  incidence 
(6^)  responses.  This  overshooting  is  to  bo  expected  since  the  rapid 
corrective  action  called  for  in  preventing  any  overshooting  beyond  these 
limits  is  hindered  by  the  now  reduced  control  surface  lift  available. 

The  severity  of  this  overshooting  is  increased  a3  the  initial  demand  for 
oontrol  surface  deflection  is  increased  as  is  shown  in  Figure  47  which 
corresponds  to  Figure  46  except  that  the  demands  are  for  20°  rather  than 
for  10°  of  control  surface  deflection.  In  effect,  given  the  tolerable 
overshoot  beyond  the  steady  state  limiting  total  lift,  then  the  minimum 
oontrol  surface  lift  necessary  is  defined  and  it  may  not  be  more  stringently 
limited  without  exceeding  the  tolerable  total  lift  overshoot. 

Figure  48,  which  i3  derived  from  Figures  46  and  47  shews  the 
percentage  overshoot  in  wing  lift  for  several  combinations  of  possible 
oontrol  surface  demand  signals  and  control  surfaoe  lift  limiting  parameters 
If  the  feedback  gain  (K)  is  large  enough,  say  K > 0.418,  then  the  system 
is  relatively  insensitive  to  the  value  of  K and  Figure  48  shows  that:- 

(a)  If  the  threshold  level  is  300°/sec^  then  for  a 10°  step  demand  the 
percentage  overshoot  in  wing  lift  is  Th  while  for  a 20°  step  demand 
the  percentage  overshoot  in  wing  lift  is  1 8$. 

(b)  If  the  threshold  level  is  600°/sec^  then  for  a 2CP  step  demand  the 
percentage  overshoot  in  wing  lift  is  Jfo. 

A very  rough  guide  as  to  the  percentage  overshoot  is  given  by 


Percentage  overshoot  ■ 


(250)> Magnitude  of  step  demand  for  oontrol  surfaoe  defleotion  in  degrees 

Threshold  level  in  degrees/sec^ 

(95) 


5,2*  Application  to  the  test  beam  rider 

Figures  49  and  50  show  the  responses  of  interest  during  a recovery 
from  a step  displacement  of  the  radar  beam  of  the  test  beam  rider  with  ilOg 
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acceleration  limits  and  with  various  degrees  of  oontrol  surfaoe  lift 
limiting. 

The  overshoots  in  lift  slow  up  as  in  the  previous  seotion  although 
it  will  be  noted  that  these  are  only  large  for  very  large  beam  displace- 
ments of  the  order  of  500  ft  or  more  and  this  is  a mere  stringent  condi- 
tion than  any  which  is  likely  to  occur  in  the  flight  of  a beam  riding 
missile.  Thus  the  proposed  limiting  methods  should  be  directly  applic- 
able to  the  test  beam  rider  for  lateral  acceleration  limitr  of  the  order 
of  ±10g  and  control  surface  incidence  limits  of  the  order  of  15  degrees. 

6 General  Conclusions 


Some  detailed  conclusions  have  already  been  given  on  total  lift 
limiting  in  Section  3.7  and  on  oontrol  surface  lift  limiting  in  Section 
4. 6. 


The  broad  conclusions  are  that  for  a missile  whose  design  conforms 
to  the  design  criterion  given  in  the  Report  of  the  R.A. E.  Project  Group 
on  Medium  Range  Anti-Aircraft  Guided  Mis silos 0 - then:- 

(a)  The  output  of  a lateral  accelerometer  may  be  fedback  to  the 
control  surface  system  and  used  in  various  ways  to  limit  the:  total  lift 
on  the  missile.  A method  of  limiting  in  which  the  clipping  level  of 
clipping  diodes  on  the  input  guidance  signals  are  monitored  by  feedback 
from  an  accelerometer,  suitably  situated  ahead  of  the  centre  of  gravity 
of  the  missile,  has  be^n  shown  to  have • advantages  over  all  the  other 
systems  considered, 

(b)  Curtailment  of  th<  ponk  control  surfaoe  lifts  is  possible 
without  a marked  deterioration  in  missile  performance.  This  may  be 
achieved  by  suitable  f^rdt.'ck  from  an  angular  accelerometer.  The  proposed 
method  may  only  be  applied  providing  that  any  departure  of  the  body-wing 
combination  from  neutral  stability  ir.  small.  This  condition  will  in 
general  be  satisfied.  The  major  difficulty  foreseen  at  the  moment  lies 

in  producing  an  angular  accelerometer  7.11030  tim-  constant  is  less  than 
the  time  constant  of  the  oontrol  surface  servo-mechanism  with  which  it 
is  to  be  associated. 

The  Appendices  to  the  report  indicate  how  limitation  of  the  peak 
oontrol  surface  lift  may  b used  to  advantage  in  the  design  of  the 
control  surface  system. 

(c)  Tot'il  lift  *'nd  control  surface  lift  limiting  of  the  above 
types  can  be  simultaneously  applied  to  a missile  although  the  relative 
degrees  of  limiting  attainable  are  inter-dependent. 
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APPENDIX  I 


Calculation  of  the  Acceleration  Response  of  a Missile  when 
the  Control  Surfaoe  Inoldenoe  la  Limited 


ty 

Lt.  Cdr.  (F,).  D.C.  Sntow,  R.N. , A.M.I.Meoh.E. 


1 If  the  oontrol  surface  incidence  o f a missile  is  limited,  by  a 
method  of  the  typo  described  in  Srotion  4.4  or  otherwise,  then  its 
response  in  lateral  acceleration  to  input  demands  is  a non-linear  func- 
tion of  these  input  demands.  This  appendix  gives  a method  of  calculating 
the  non-linear  response.  The  method  is  used  in  Appendix  II  where  the 
acceleration  responses  of  various  micsi.it  s incorporating  control  surface 
incidence  limiting  arc-  compared. 


2 It  is  assumed  that  the  basic  aerodynamic  equations  are  as  in 
Section  2.1  equations  (l)  end  Section  2.4  equation  (ll),  namely 


\ = vv  + yr*r  + yt:  * 

r = n .v  + n .r  + r.v.  4 ! 
v r a, 

(i) 

h = v + Ur 

P 

and  S = 4 - V/u  (l  - ^c/da)  i 

r > 


For  the  purpose  of  modifying  the  weathercock  frequency  and  damping, 
feedback  to  the  control  surface  (4)  of  lateral  acceleration  (hp)  and 
rate  of  yaw  (r)  fire  assumed.  Th-  oontrol  equation  is  thus  that  given 
in  Section  2,9  equation  (24),  namely 

4 = ♦ br  + fKp  (ii) 


where  b and  f are  constants. 

The  following  relationships  are  derived  from  equations  (i)  and  (ii) 
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(1  - fy,,)  D2  ♦ D (-yy  - n.  - bng  - fx^J 


D2*  d[  -v 


■nr"(1- Tzflf]  +[U\  + xrv  ”ns)  _ 


(iv) 


« 


(1  - fy?)  D2  + D (-yv-  np-  bn^-  fx^.)  + (Ur^*  -bx^-  fUx^) 


If  D2  (1  - fyr)  + D (-yv  -n,-  bn^  - fx^. ) + (Ur^  * -tx^fUx^) 


is  written  'is 

— • 

(l  ” fy^)  (D2  + 2 Vn  D + V} 

then 


<0^ 

ry2*  i3  the  modified  weathercock  frequency 

and  u is  the  modified  weathercock  damping  ratio, 
m 

For  the  various  missiles  to  be  considered  in  Appendix  II  it  is 
assumed  that  the  feedback  constants  b and  f are  chosen  to  give 

u = 1 and  w = 10  rads/sec.  (vi) 

m m 

If 

D2  ♦ D f -yv - nr - (l - ♦ [ r\ ♦ - (l - ) (& - n5)] 

is  written  as 

D2  ♦ 2 6 yD  + 


then 

^ ■ U\  * xrv  “ (•  -If)  (fu1-"?) 
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and 


26Y  - -yv-ni.-(l-|j)  ^ 


For  the  various  missiles  to  be  oonsidered  in  Appendix  II,  6 la 
approximately  equal  to  unity  and 

6 •»  1 (vii) 

is  assumed  in  all  the  following  work. 

If  in  addition  to  these  reformulations  of  the  quadratic  expressions 


we  put 


a,  - *5r/: 


and 


(viii) 


then  equations  (iii)  to  (viii)  give 


II 

£ 


D2  + a1  D ♦ b1 

(D  + r)2 


(ix) 


(1  “ fy?) 


(D  + u>  )2 


m 


(D+  y)2 


(x) 


n 

i 


D2  + a1  D +b 
(D^«m)2 


(xi) 


Equations  (ix)  to  (xi)  form  the  basis  of  the  calculation  of  the  missile 
response. 

3 We  consider  the  response  of  the  missile  to  a step  input  demand 
sufficiently  large  to  oause  an  initial  limitation  of  the  control  surface 
incidence.  The  ocmplete  acceleration  response  consists  of  two  parts: 
the  first  part  is  the  response  to  a constant  control  surface  incidence, 
i.e.  the  value  to  which  the  oontrol  surface  incidenoe  is  limited;  the 
second  part  is  the  response  to  the  constant  oontrol  surface  demand  Kq. 
The  constant  oontrol  surface  incidenoe  may  be  regarded  mathematically 
as  the  results  of  an  input  demand  ^ which  varies  with  time  in  such  a 
way  os  that  the  oontrol  surface  incidenoe  is  constant.  The  change  over 
between  the  two  parts  oocurs  at  the  time  at  which  this  input  demand 
signal  reaches  the  value 
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(a)  ftie  first  part  of  the  acceleration  response. 
Prom  equation  (ix)  we  have 


D2  + D + b1 
(D+  Y)2 


The  Laplace  Transform  of  this  relationship  gives 
(f  + y)2  h*  = y^  (p2  + a1  p4bJ)  @r* 


+ 1 h*  ♦ £ (p  + 2Y  ) 


- yr  t0rp  + 3ro  (p  + ^)] 


where  the  suffixes  o indicate  the  initial  values  and  the  stars  denote  the 
Laplace  transform  of  the  quantity  so  labelled. 

Let  the  value  to  which  th<.  control  surface  incidence  &r  is  limited 
be  P;  as  this  is  applied  as  a step  input. 

V - p/p 

^ro  ~ P 
&ro  = ° 

hFo  “0 


so  that 


- F 4 2 Y r ♦ b. 
K*  = yr  - — ^ 

P ? P 


(P4Y)2 

The  inverse  transformation  of  this  gives  the  solution 


°"Tt_ 


(xii) 


which  is  the  first  pert  of  the  acceleration  response. 

(b)  The  instant  of  change  over  from  the  first  to  the  second  part  of 
response. 

The  demand  signal  & required  to  give  the  constant  control  surface 
incidence  P is  less  than  the  actual  demand  signal  5g« 
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Prom  equation  (x)  we  have  writing  Z^  for  ^ 


<& 


(1  - 


(D*%>)2 

0>  + Y)2 


The  solution  of  this  for  a step  input  P of  control  surface  incidence  is 
similar  to  (xii);  thus 


Y i-  \ % / 


The  change  over  between  the  two  parts  of  the  response  occurs  at 
time  t1  when  » Z^  thus  t^  is  given  by 


or 


(1 


(o)  The  second  part  of  the  acceleration  response. 
From  equation  (xi)  we  have 


h_  Jy  D2  + a.  D ♦ b. 

^*9  I J 


i 


<D.%>2 


The  Laplace  Transform  of  this  relationship  gives 

(P+  “i/  Kp  " • (P2  + a1  P *h)  V 

♦ tffp1  + SP1  (p+  2 "m)3 
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where  the  suffixes  1 indicate  the  boundary  values  at  the  commencement  of 
the  second  part  of  the  response. 

We  have  for  a constant  control  surfaoe  demand 

V ■ H 
= ^ 

B 0 

The  boundary  values  hp1  and  hp-)  are  obtained  by  substituting  the 
value  of  t1  given  by  (xiii)  into  (xii)  and  its  derivative:  thus 

hpi  55  y?  P (l-  £)  0 + YV  e-Yt1  I (xiv) 

»-*]  W 

Hence 

P,  F2  ♦ 2 «B  P * (b1  * W / (l-  f^)  hp1  h" 

h = h . — K 

P P P (P+Wm)2  *0 


which  on  inverse  transformation  gives 


f,  - f, . (UV).^1 . r,  „-V  (CT1) 

d-fy5)  %,2  - bi  ys  % J J p1 


where  *V  = t + t^ . 

If  th$  steady  state  iL  corresponding  to  the  steady  state  is 
denoted  by  h^  then 


JHh5sl  - 
%2 


and  (xvi)  may  be  written  as 


(xvii) 
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••  it  Me 

^ = 1_  (1+  ^ x)  e~%X  * zffc  ^ x e"  " (xviii) 


and  this  is  the  seoond  part  of  the  response. 

k The  response  of  the  missile  in  acceleration  to  a step  input  demand 
sufficiently  large  to  cause  an  initial  limitation  of  the  control 
surface  incidence  is  thus  given  by  equations  (xii) , (xiii)  (xiv) , (xv) 
and  (xvi).  These  equations  are  used  in  Appendix  II  to  obtain  such 
acceleration  responses. 


75  - 


SECRET 


SECRET 


Report  No.  G.W.15 


APPENDIX  II 


A Nee  Design  Criterion  for  Control  Surface  Size 
by 

Lt.  Cdr. (E).  D.G.  Satow,  R.N. , A.M.I.Meoh.E, 


1 It  has  been  demonstrated  in  this  report  that  the  oontrol  surface 
incidence  or  lift  may  be  limited  quite  severely  without  introducing  any 
significant  deterioration  in  the  lateral  acceleration  response  of  the 
missile..  The  oontrol  surface  size  of  the  "test  missile"  used  in  the 
report,  in  common  with  many  actual  missile  designs,  has  been  based  on  a 
design  criterion  given  in  the  Report  of  the  R.A.E.  Rrojeot  Group  on 
Medium  Range  Anti-Aircraft  Guided  Missiles^’’ ' . The  fact  that  oontrol 
surface  lift  limiting  can  be  applied  without  deterioration  in  the  response 
of  the  missile  suggests  that  it  may  be  possible  to  reduce  the  control 
surface  size  below  that  derived  from  the  above  criterion.  Although  this 
appendix  is  only  a superficial  examination  of  this  issue  it  indicates 
that  a reduction  -in  control  surface  size  is  possible  provided  some  merthod 
of  control  surface  incidence  or  lift  limiting  is  used. 

2 A number  of  different  missile  designs  are  considered,  these  having 
different  sizes  of  control  surfaces  and  varying  degrees  of  oontrol  surface 
lift  limiting.  For  each  design  the  acceleration  response  to  a step  input 
demand  has  been  computed,  using  the  method  developed  in  Appendix  I,  and 
the  results  compared. 

We  consider  as  a "datum  design"  the  test  missile  of  the  main  report 
i.e.a  missile  designed  on  the  basis  of  the  R.A.E.  Rioject  Group  design 
criterion.  Briefly  this  criterion  is  such  that  the  body-wing  combination 
is  neutrally  stable,  Yr  is  decided  by  the  maximum  lateral  acceleration 
required  and  the  maximum  wing  incidence  allowable,  Ny  is  decided  by  the 
desired  weatheroock  frequency  and  is  determined  from  Ny. 

One  possible  approach  to  a new  design  is  to  use  the  "datum  design" 
as  a basis  but  then  reduce  the  control  surface  size  (i.e.  reduce  Y^  and 
Nj).  The  reduction  in  N5  results  in  a reduction  in  Ny.  The  decrease  in 
weatheroock  frequency  associated  with  this  reduction  in  N_  may  be  offset 
by  using  lateral  acceleration  feedback  to  restore  the  weathercock  frequency 
to  its  original  value.  As  the  oontrol  surface  size  is  decreased  in  this 
way  the  peak  control  surface  incidence  or  lift,  for  a given  step  demand 
for  lateral  acceleration  say,  increases  but  if  this  incidence  or  lift  is 
limited  (by  the  method  of  the  main  report  or  otherwise)  then  the  peak 
oontrol  surface  incidence  or  lift  may  be  kept  within  desired  limits. 

Consider  now  the  following  alternative  designs  for  a 15g  missile. 
Missile  Design  No.1,  (The  datum  design) 

This  is  the  test  missile  of  the  main  report.  For  15g  lateral 
acceleration  the  steady  state  oontrol  surface  deflection  is  12,5  degrees. 

In  response  to  a step  demand  for  15g  the  peak  oontrol  surface  incidence 
is  also  12.5  degrees. 
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Missile  Design  No. 2 

In  this  missile  the  control  surface  size  is  half  of  that  for 
Missile  Design  No.1.  i.e.  Y^  and  N^  are  halved.  Yr  is  unaltered  so  that 
the  same  wing  incidence  gives  the  same  lateral  acceleration  but  Nv  is 
halved  since  the  body-wing  combination  remains  neutrally  stable.  The 
weathercock  frequency  is  restored  to  that  for  Missile  Design  No.1  by 
lateral  acceleration  feedback. 

For  15g  lateral  acceleration  the  steady  state  control  surface 
deflection  is  18.7  degrees  and  the  peak  control  surface  incidence  in 
response  to  a step  demand  for  15g  is  21.3  degrees.  The  peak  incidence 
is  greater  than  the  steady  state  deflection  since  the  lateral  acceleration 
feedback  has  no  effect  on  the  initial  step  of  control  surface  motion. 

Three  cases  are  considered:  the  first  with  no  control  surface 
incidence  limitation;  the  seoond  with  the  control  surface  incidence 
limited  to  thepeak  value  occurring  for  Missile  Design  No.1  i.e.  12.3 
degrees;  the  third  with  the  control  surface  incidence  limited  to  6 degrees. 

Missile  Design  No. 3 

In  this  missile  the  control  surface  size  is  a quarter  of  that  for 
Missile  Design  No.1.  (i.e.  Y^,  Ng  and  consequently  Nv  are  reduced  in  the 
ratio  4:1  and  then  the  weathercock  frequency  is  restored  to  that  for 
Missile  Design  No.1  by  lateral  acceleration  feedback). 

For  15g  lateral  acceleration  the  steady  state  control  surface 
deflection  is  32.9  degrees  and  the  peak  control  surface  incidence  in 
response  to  a step  demand  for  15g  is  39.5  degrees. 

The  case  considered  here  is  that  in  which  the  peak  control  surface 
incidence  is  limited  to  the  peak  value  occurring  for  Missile  Design  No.1 
i.e.  12.5  degrees. 

Table  A gives  the  aerodynamic  derivatives  and  certain  other  data 
for  the  above  missiles. 


A ABLE  A 
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TABLE  A 


Missile  Design  Number 

I 

II 

III 

Control  surface  size  relative  to 

Design  I 

1 

i 

Body-wing  stability 

Neutral 

Neutral 

Neutral 

U ft  sec"1 

1500 

1500 

1500 

ft  sec"2 

800 

400 

•200 

^ -2 
sec 

-200 

-100 

- -50 

yv  ft  sec"1 

-1 

-1 

-1 

riy  sec"1 

Vl5 

V30 

1/60 

yr  ft  sec-1 

2.4 

1.4 

1.0 

rij.  sec"1 

-1 

-0.6 

-0.45 

’’"eathercock  angular  frequency  ( rad/ sec) > 10 

10 

10 

when  modified  by  acceleration  feedback 

Aerodynamic  stiffness  (g/degree)  when 
modified  by  acceleration  feedback 

1 

1 1.2 

0.8 

0.456 

Steady  state  control  surface 
deflection  to  give  15g  when  modified 
by  acceleration  feedback  (degrees; 

1 12.5 

1 

18.75 

32.9 

• 

| Maximum  unlimited  control  surface 

] 

, incidence  corresponding  to  15g 
1 demand  (degrees) 

> 12.5 

i ! 

21.25 

1 

39.5 

1 

1 Kev  to  acceleration  in  response  to  a 15a  acceleration  demand 

(Fig.51) 

Control  surface  incidence  unlimited 

Curve  (a) 

Curve  (b) 

" M " " to  12.5° 

Curve  (a) 

Curve  (c) 

Curve  (e)  j 

n ti  it  ft  ft 

Curve  (d) 

f 

1 

1 
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Figure  51  shows  the  acceleration  in  response  to  demands  for  15g 
lateral  acceleration  for  the  various  missiles.  There  is  little  change 
in  the  acceleration  response  if  the  control  surface  size  is  reduced  to 
a half  or  a quarter  of  that  given  by  the  datum  design  and  the  peak 
control  surface  Incidence  is  limited  to  the  maximum  value  occurring  in 
the  datum  design.  (See  Curves  (a),  (c)  and  (e)).  That  is  the  new 
designs  give  comparable  missile  responses  but  with  smaller  control 
surfaces  and  hence  smaller  peak  control  surface  loads. 

The  limit  to  what  can  be  achieved  by  this  new  design  approach  would 
seem  to  be  set  by  considerations  of  the  magnitude  of  the  static  margin. 

As  the  aontrol  surfaces  are  reduced  in  size  so  also  is  the  static  margin. 
For  example  in  Kissile  Design  No. 3 the  static  margin  is  only  5 inches 
(i.e.  6.7/“  of  the  control  surface  moment  arm).  As  a consequence  of  the 
small  static  margin  variations  in  the  centre  of  gravity  and  centre  of 
pressure  positions  during  flight  will  be  of  increasing  importance. 

It  is  emphasized  that  this  appendix  is  only  intended  to  indicate 
the  possibilities  of  improving  on  the  "datum  design".  A very  much  fuller 
study  of  this  problem  would  be  necessary  before  definite  conclusions 
could  be  drawn. 
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FIG.  I.  ROOTS  OF  THE  CHARACTERISTIC  EXPRESSION  FOR 
THE  TEST  MISSILE  WITH  DIRECT  ACCELERATION  FEEDBACK. 
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FIG.  2. 
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FIG.  2.  ROOTS  OF  THE  CHARACTERISTIC  EXPRESSION  FOR  THE 
HYPOTHETICAL  TEST  MISSILE  WITH  DIRECT  ACCELERATION 

FEEDBACK,  (y,  . O ; n«  F G.) 
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FIG.3(o%b) 


(a)  THE  FORM  OF  THE  ACCELERATION  RESPONSE  OF  THE  MISSILE 
TO  A STEP  MOTION  OF  THE  CONTROL  SURFACE  SHOWING  THE 

REVERSE  KICK. 


(b)  THE  REVERSE  ACCELERATION  KICK  AS  A FUNCTION  OF  THE 
ACCELERATION  FEEDBACK  GAIN  . 


FIG.  3 (08,6)  THE  REVERSE  ACCELERATION  KICK 
IN  THE  ACCELERATION  RESPONSE  OF  THE  MISSILE. 
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FIG.  4. 


FIG.  4.  THE  STEADY  STATE  ACCELERATION 
OF  THE  TEST  MISSILE  AS  A FUNCTION 
OF  THE  ACCELERATION  FEEDBACK  GAIN. 
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FIG.  5. 
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FIG.  5.  RATIO  OF  REVERSE  ACCELERATION  } 
KICK  TO  STEADY  STATE  ACCELERATION.  .' 
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FIG.6. 


TEST  BEAM  RlOER  WHEN  SUBTECTEO  TO  A STEP  DISPLACEMENT 
OF  THE  RADAR  BEAM.) 

FIG.6.  COMPARATIVE  OUTPUTS  FROM 
! ACCELEROMETERS  SITUATED  DIFFERENT 
DISTANCES  (d)  AHEAD  OF  THE  CENTRE  OF 
GRAVITY  OF  THE  TEST  MISSILE. 
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CONTROL  SURFACE  MOTION  IN  THE  PRESENCE  OF 
VARIOUS  CONTROL  SURFACE  SERVO  TIME  LAGS. 


FIG.  9.  BASIC  DIAGRAM  FOR  THRESHOLD  FEEDBACK  FROM 

DISPLACED  ACCELEROMETER. 
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FIGIQRESPONSES  TO  CONTROL  SURFACE  STEP  DEMANDS 
OF  THE  TEST  MISSILE  WITH  ACCELERATION  FEEDBACK 
FROM  A DISPLACED  ACCELEROMETER. 


ACCELERATION  FEEDBACK  GAIN  ■ F RAO.  Ft'1 
ACCELEROMETER  4 FT.  AHEAD  OF  C.  Of  G. 
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FIG.  12 


FIG.  12.  SCHEMATIC  DIAGRAM  OF 'MONITORED  DIODE*  ACCELERATION 


47K<  |€)8K  j^r,1  BIAS  ADJUSTMENT  (ie  "a" CONTROL) 

T TlxC  R2(Rj  GAIN  ADJUSTMENT  (te  uF” CONTROL) 
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FIG.  13 


FIG.  13.  CIRCUIT  DIAGRAM  OF  SIMULATOR  ARRANGEMENT  FOR 
'MONITORED  DIODE’  ACCELERATION  LIMITER. 
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FIG.  I4.(o  t b.) 


B,  F ANO  Tc  POSITIVE  QUANTITIES;  SYSTEM  IN  STEAOY  STATe. 


(O)  TWIN  FEEDBACK  SYSTEM. 


B.FANO  T POSITIVE  QUANTITIES;  SYSTEM  IN  STEADY  STATE, 
(b)  EQUIVALENT  SINGLE  LOOP  SYSTEM. 


FIG. I4.(a  • b).  DIAGRAMS  FOR  ANALYSIS  OF 
MONITORED  DIODE  SYSTEM. 
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FIG.  15. 


LATERAL  ACCELERATION  (fip)  IN  9*5. 


I ■ I — I- 

Tc  B ♦ F|  Tc  B 

lihl 


FIG.  15.  STEADY  STATE  ACCELERATION  AS 
A FUNCTION  OF  THE  DEMAND  ($G)  FOR 

THE  MONITORED  DIODE  SYSTEM. 
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FIG.  16. 


FIG.  16.  CALIBRATION  CURVES  FOR  THRESHOLD  SYSTEM  USED  ON 

THE  SIMULATOR. 


IN  STATIC  MARGIN  H INCHES. 
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FIG.I7 


5* 

FKSI7THE  MONITORED  DIODE  LIMITING  SYSTEM  APPLIED  TO  THE  TEST  MISSILE. 

(TOTAL  LIFT) 


IN  STATIC  MARGIN  H INCHES 
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(wing  lift) 


STEADY  STATE  WINKS  LIFT 
STEAOY  STATE  TOTAL  LIFT 
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FIG.  19. 
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FIG.20. 
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0 10  20  30 


CONTROL  SURFACE  DEM  AMO  SIGNAL  (DEGREES) 


FIG.22.  STEADY  STATE  WING  LIFT  vs. CONTROL 
SURFACE  DEMAND  SIGNAL  FOR  THE  TEST 
MISSILE  WITH  THE  MONITORED  DIODE 
LIMITING  SYSTEM. 
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FIG.23. 


(Records  are  of  wing  lift  vs  time  for 

THE  TEST  BEAM  RlOER  DURING  RECOVERIES 
FROM  AN  INITIAL  SEAM  RIDING  ERROR.) 

(ALL  FEEDBACKS  ARE  FROM  AN  ACCELEROMETER 
AFT  AHEAD  OF  THE  CENTRE- OF- GRAVITY) 


(«)  NO  LIMITS 


(2)  MECHANICAL  STOPS  ON 

CONTROL  SURFACES  AT  20° 


(3)  MECHANICAL  STOPS  ON 
CONTROL  SURFACES  PLUS 
THRESHOLD  ACCELERATION 
FEEDBACK. 


(4)  THRESHOLD  FEEDBACK  OF 
ACCELERATION  ONLY 


(5)  THE  MONITORED  DIODE 
LIMITING  SYSTEM. 


TIME 


FIG.23lCOMPARATIVE  WING  LIFT  RESPONSES  OF 
THE  TEST  BEAM  RIDER  WITH 
| VARIOUS  LIMITING  SYSTEMS. 
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FIG.24(a-c) 


curve  (a) 

TYPICAL  ACCELERATION 


MANOEUVRE. 


CURVE  (b) 
"acceleration  cupping" 
appueo  to  typical  < 

ACCELERATION  MANOEUVRE. 
LIMITING  LEVEL  » ± Amax. 
(EQUIVALENT  TO  CURVE  (O) 
BETWEEN  i Amax)  -Ama„ 


CURVE  (c)  *aJ 
SIMPLE  OlOOE  LIMITING  OF 
INPUT  DEMAND  SIGNALS  AS 
APPUEO  TO  TYPICAL 
ACCELERATION  MANOEUVRE* 
LIMITING  LEVEL  »±AM4x. 
MISSILE  WEATHERCOCK 
MOTION  CRITICALLY 
DAMPED  GIVING  CRlTlC/^LY 
OAMPED  BUILD  UP  TC> 

^ Am*x.  LEVELS. 


FIG24^$COM  PARI  SON  OF  ‘ACCELERATION  CLIPPING* 
WITH  SIMPLE  DIODE  LIMITING  SYSTEM. 
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FIG.25. 


(0)no  limiting, 
(^acceleration  clipping. 

(0  CONTROL  SURFACE 
OEMANO  LIMITS. 
(RESET  FOR  EACH  h) 

((DhONITOREO  DlOOE 
LIMITING*. 

(€)thRE5H0LD  FEEDBACK 
OF  ACCELERATION. 

(f)THRESHOLO  FEEOBACK 
OF  ACCELERATION 
PLUS  MECHANICAL 
STOPS. 


H,  ins. 


(THE  TEST  BEAM  RIOER,  LATERAL  ACCELERATION  LIMITS- IO9,  RMS  BEAM 
TITTER  - 60  FT.) 


FIG.25  COMPARISON  OF  RM.S.  WING  LIFTS  FOR 
DIFFERENT  LIMITING  SYSTEMS  AS  APPLIED 
TO  THE  TEST  BEAM  RIDER  IN  THE  PRESENCE  OF 

RADAR  BEAM  JITTER. 
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FIG.  26. 
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FIG.  26.  BASIC  SYSTEM  FOR  CONTROL  SURFACE 

LIFT  LIMITING. 
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FIG.  27 
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CONTROL  SURFACE  ANGLE  LATERAL  ACCELERATION  CONTROL  SURFACE  INCIDENCE 

($  OEGREES)  (ftp  IN  g’s)  (Bt  OEGREES) 
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CHARACTERISTIC  EQUATION  FOR  MOTION  OF  BEAM  RlOERi- 


ANGULAR  ACCELERATION  FEEDBACK  GAIN  K sec1 

FIG.  30.  THE  EFFECTS  OF  ANGULAR  ACCELERATION  FEEDBACK  ON  THE  MODES  OF 

MOTION  OF  A BEAM  RIDER. 
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LATERAL  ACCELERATION  (Kp  IN  9*5) 
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FIG.3L 


FIG.3I.  THE  “BEAT  EFFECT”  PRODUCED  IN  THE 
RESPONSE  OF  THE  TEST  BEAM  RIDER 
BY  ANGULAR  ACCELERATION  FEEDBACK. 
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FIG.  32. 


ANO  LATERAL  ACCELERATION  LIMITS  Of  ± IOg.] 

FIG.  32.  COMPLETE  RESPONSE  OF  TEST  BEAM 
RIDER  TO  A STEP  BEAM  DISPLACEMENT  OF 
375  FT.  WHEN  ANGULAR  ACCELERATION 
FEEDBACK  IS  APPLIED  TO  THE  MISSILE. 
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FIG.34 


CONTROL  SURFACE  INCIDENCE 
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CONTROL  SURFACE  INCIDENCE 


(angular  acceleration  threshold*  t 600/scc*) 


0 RESPONSES  OF  TEST  MISSILE  TO 
DEMANDS  FOR  10°  OF  CONTROL 
SURFACE  DEFLECTION. 


0 RESPONSES  OF  TEST  BEAM  RIDER 
TO  375  ft.  LATERAL  DISPLACEMENT 
OF  THE  RADAR  BEAM. 


FIG.34.  EXAMPLES  OF  CONTROL  SURFACE 

LIFT  LIMITING. 
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FIG.35. 


• (A)  Nouwrow  urmw  xn* 


.35.  PEAK  VALUES  OF  CONTROL  SURFACE  INCIDENCE  & ANGULAR  ACCELERATION, 
IN  RESPONSE  TO  A 375  FT  STEP  DISPLACEMENT  OF  THE  RADAR  BEAM, 

IN  THE  PRESENCE  OF  THRESHOLD  FEEDBACK  OF  ANGULAR  ACCELERATION. 


AREA  ABOVE  CURVE  REPRESENTS  UNSTABLE  ZONE, 
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FIG.  36. 


(test  beam  rider,  stability  boundaries  determined  using  A 300  ft  lateral  step  displacement  of  the  radar  beam) 

FIG.  36.  THE  ANGULAR  ACCELERATION  FEEDBACK  GAIN  REQUIRED  TO 
PRODUCE  INSTABILITY  IN  THE  TEST  BEAM  RIDER.  (SIMULATOR  RESULTS.) 
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(0)  NO  CONTROL  SURFACE  LIFT  LIMITING. 

(test  beam  woes.  LATERAL  ACCCLt 

FIG.37(a*b) RESPONSE  OF  TEST  BE/ 
(WITH  AND  WITHOUT  CONT 
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FIG.  38. 


G.W/P  /4320. 


REPORT  G.W.I5. 

FIG.39(a&b) 


ANGULAR  ACCELEROMETER  LAG. 


CONTROL  SURFACE  MISSILE  RESPONSE 

LAG. 


(a)  THE  CLOSED  LOOP  SYSTEM. 


So 
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So 
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(b)  ANGULAR  ACCELERATION  RESPONSES  TO  A STEP  IN 
CONTROL  SURFACE  DEMAND  $0. 


FIG.39(a&b)  ANGULAR  ACCELERATION  FEEDBACK  IN 
THE  PRESENCE  OF  TIME  LAGS. 
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FIG. 41. 


CONTROL  SURFACE  INCIDENCE. 


I COP 

hr 


Li HL —time 


. H<0 


CASE  (b) 
H>0 


CASE  (c) 
H >0 


FIG.4I.  CONTROL  SURFACE  INCIDENCE  IN 
RESPONSE  TO  A LOW  FREQUENCY  SQUARE  WAVE 
MOTION  OF  THE  CONTROL  SURFACE  DEFLECTION. 
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FIG.  42. 


©AND®  ARE  THE  5TEAOY  STATE  CURVES  FOR/Qr  AS  A FUNCTION  OF  H, 
ASSUMING  A STEADY  STATE  CONTROL  SURFACE  OEFLECTION  OFt 
®ANO®  ARE  CURVES  @ AND  @ DISPLACED  BY  2.  'St.  UNITS. 


FIG.  42.  PEAK  CONTROL  SURFACE 
INCIDENCE  CHART. 

(UNUMITED  CONTROL  SURFACE  INCIDENCE) 


GW./P/43E* 


REPORT  G.W.  IS. 


FIG.  4 3.  (o  t b). 

m 


CURVES  (a),  (g)  ANO  (b)  ARE  AS  ON  FIG.  4-E. 

THE  FAMILY  OF  CURVES  C,  0,  ,CaD2,  ETC.  ARE  OBTAINED  BY  DISPLACING© 
TOWAROS®  i.e  BY  REOUClNG  THE  SEPARATION  (z  $L)  BY 
LIMITING  ACTION. 


CONTROL  SURFACE  INCIDENCE 


(b) 


FIG.  43 (a  * b).  PEAK  CONTROL  SURFACES 

INCIDENCE  CHARTS. 

(LIMITED  CONTROL  SURFACE  INCIDENCES) 


CONTROL  SURFACE  INCIDENCE. 
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FIG.  4 4. 
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FIG*  45. 
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FIG.  45.  PEAK  CONTROL  SURFACE  INCIDENCE  CHART.  (TEST  MISSILE). 

(CASE  B). 


ANGULAR  ACCELERATION.  LATERAL  ACCELERATION.  WING  INCIDENCE. 
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FIG.47 


FIG.47  COMBINED  TOTAL  LIFT  & CONTROL  SURFACE  LIFT  LIMITING 

AS  APPLIED  TO  THE  TEST  MISSILE.  N<?2. 
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© 20° CONTROL  SURFACE  DEMAND.  TMRE5H0LD'-3007SEC*  OF  ANGULAR  ACCELERATION. 
® 20° CONTROL  SURFACE  OEMANO.  THRESHOLD:- SOO^SEC?  OF  ANGULAR  ACCELERATION. 
© 10*  CONTROL  5URFACE  OEMANO.  THRESHOLD  :-3007SEC*  OF  ANGULAR  ACCELERATION. 

FIG.  48.  OVERSHOOT  IN  WING  LIFT  WITH 
COMBINED  TOTAL  LIFT  AND  CONTROL 
SURFACE  LIFT  LIMITS. 


SURFACE  (DEFLECTION.  ANGULAR  ACCELERATION.  LATERAL  ACCELERATION.  WING  INCIDENCE. 
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SURFACE  DEFLECTION.  ANGULAR  ACCELERATION.  LATERAL  ACCELERATION 


FIG. 51.  THEORETICAL  ACCELERATION  RESPONSES  FOR  DIFFERENT  MISSILE  DESIGNS 
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